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Introduction

ASSUMING that the distribution of fecundability follows a Beta distrib-
ution, Potter and Parker (1964) derived expressions for the mean and
variance of conceptive delays and correlation between successive delays in the
same woman. They distinguished between conceptive delay and the time
required to conceive; a conceptive delay is the exposure months preceding but
not including the month of conception whereas the time required to conceive
includes that month as well. They have also estimated the parameters of type
I distribution from two sets of data and illustrated their results numerically
by using the estimated value.

Shops (1964) extended the work of Potter and Parker by assuming the fre-
quency distribution of fecundability to assume virtually any shape. It may be
a bimodal too. Sheps assumed a heterogeneous population as an aggregate of
homogeneous sub-populations and used geometric distribution for the waiting
time for conception for a homogeneous population. For heterogeneous popula-
tion the geometric distribution is weighted by Beta distribution. Sheps, while
deriving the expression for correlation also assumed that the k4 moment of x
(the waiting time for conception) in a heterogeneous population is the expect-
ed value of the components of the A&#4 moment of x in a homogeneous popula-
tion. Under these assumptions the mean, variance, the correlation between
successive conceptive delays were obtained. The present exercise is carried out
under the same assumptions as Sheps (1964). A bivariate exponential for the
joint distribution of the waiting time of the first and the second order of con-
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ceptions, given that the first has occurred at some time origin, has been deve-
loped under the same line as Freund (1961). Freund proposed a bivariate ex-
tension of the exponential distribution for certain life-testing proplems in par-
ticular to two component systems. la his model among the two components
there is a chance for anyone to fail first whereas in our model one has to keep
in view that the second conception can occur only after the first has occurred.
In case of heterogeneous population fecundability is assumed to vary among
couples following Pearson type III distribution and hence this exercise may be
taken as an extension to Sheps. The model is developed under the following
assumptions in accordance with Potter and Parker and Sheps :

1. Conception is a chance occurrence.
2. The fecundability of each couple in a population remains constant.
3. Fecundability varies between couples in the population.
4. The fecundability of each couple remains constant from month to month
until pregnancy of any order.
Development of the Model

Let X, and X, represent the first two successive conceptive delays from the
time of effective marriage. The waiting time distribution for the firsi concep-
tion is given by

Flr | A) == dg =Am, 2.1)

The conditional probability distribution for the second conception given that
the first has occurred at X, is

Flx)=Redm-=1+m) 5 Lagx,a,,, (2.2)

It has been assumed that the fecundability parameter A remains the same in
both order of conceptions and = is the infecundable period including gestation
period and period of post-partum amenorrhoea followed by the first live birth.

The joint probability density for the first and second order of conceptive
delays is thus

Fltaxy) = Me -1 ¢ Al - (e 4+ wH, 2.3)

The moment generating function is given by
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Equating the appropriate coefficients of the power serics i £; and 3 we have
for fixed values of A

E(X) = 3 (2.4A)
EX) + 7+ (2.4B)
E(X;)= -?;2— (2.4C)

EXt) =2 (-’55-+i:—+ %) (2.4D)
EXX) = = + 5 (2.4E)
 Var(x) = a% (2.4F)
Var (¥ = 15 (2.4G)
Cov (X, X.) =+ (2.4H)

It can be seen immediately that if A is fixed the correlation in the waiting time
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between X; and X, = X, — X, is zero since we have

L Cov (x‘. xg)
e %, + var (Xy) « Var (X,)

= (. (2.5

Similar is the fiinding of Sheps (1964) for a homogeneous population.
Now, we coansider the case when the fecundability parameter A follows Pear-
sonian type III distribution that is

L1
¢ Q) = 'e—-fwg- (2.5)
1 . a '
> E(Tf) -+ .6)
1 a2
E(F)= G-DGk—2 " 2.7

The variances and covariance of the conceptive delays with the intensity of A
weighted by the above distribution (2.5") are obtained as follows :

Var (X;) = E[Var (X1 | A)] + Var [E(X, | M)} '
1
= E [‘)‘*2-1 + Var (—i-— ) from (2.4E) and (2.4A)
— 2q2 _ a2
tk — DDk —2) (k— 12
ka?
k= 1)k —2) 28)
Var {X;) = E[Var (X; 1 A)] 4+ Var [E{X. ! })]
2 2
=E[T§*]+Var(ﬂ+ -)T)
203 (k 4 1) (2.9)

tk — 1) —2)°
Cov (X, X)) = ElCov (X, X3 3)] + CovIE(X,\ X! )]
1 1 2 H 2
=5()rE(5mr 1) - £ (3)E(=+ 1)

_ (k + 1a*
T k=12 k—12)"

(2.10)
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The correlation between the two overlapping successive conceptive delays for
heterogeneous population is thus

08 (k+1)
B (k= 1F(k—2)
YA, = J kat 2k > 1) at
k=1 k—2N k-1 tk—2)
e k+1
ik + 1)

COV le Xg - X].} = Co"I (XIXQ) - Var (Xl)

(k+1a kat
k—1FE~2) ~ k—1Dk—2)

= a 9
Tk 1Rk -2 (212)

Var (¥; — X3) = Var (X,) + Var (X;) — 2 Cov (X,X,)

o 282¢k+ 1) n kat
(k— 12k —2) k—1k—-2)
20k + 1) o° ka? (2.13)

O k=TER=D T T R-EGR—2)
The correlation between the two non-overlapping intervals is obtained as

a’
. k — 1Dk —2)
YN = J ka2 ka?
k— Nk —2) (k—1)%(k—2)

1.
= (2.19)

It should be noted that the correlation for k > 2 is less than 0.5 and goes on
decreasing as k increases, which is in accordance to Sheps. Shops has shown
that the correlation between conceptive delays which arises due to heteroge-
neity of population should never be greater than 0.5. This is exactly again in
conformity with our findings, namely for the existence of the variance of the
waiting time distributions (from marriage to first conception as well as from
first to second conceptions) it is necessary that £>2.

In the next place we evolve an alternative mathematical approach following
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Sheps which uses a model of geometric distribution representing the waiting
months for the conception (a discrete random variable) subject to the condi-
tion that the waiting time varies from individual to individual. Following a
Beta distribution, we employ a continuous time model given by negative expo-
nential distribution subject to the condition that the intensity of conception
varies from individual to individual following a gamma distribution which is
the best prior distribution in the Baysian sense. Thus Shep's exercise and the
present exercise has an important common approach of considering some
suitable prior distribution of the parameter for the variation of fecundability.
We have.

E(X, + X2 = EQX]) + EXD + 2EX,X)
E(Xéz) = E(X, — X))

= E(X3) + E(X3) — 2E(XXy).

Substituting from (2.4C), (2.4B), and (2.4E) we get

, 2 s I 3 2n 6
B2 (Fr ) - -
27 2 .
-y 24l (2.4D")
E(X,X7) = E(Xy, X, — Xy)
= B(X.X,)) — E(Xp
T 1 *
== + PEa (2.4E)

2+21': ?

r 2 2“
E(X,-I—Xz}zﬂ—a—g*“l-ﬂs*’rT'"ﬁ 3 TR

= % + —‘f\ﬁ -+ onb, (2.41)

The waiting time distribution for the first conception given by the exponential
weighted by gamma distribution is
a® e~ jx1

A
P i) d

fao= [rer
0
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ka*

MNTE o @19

> EXy)= E{T (2.16)
24

E(X3) = TEICERR 217

Var (X)) = ka* (2.13)

k— 1tk —2) ~

The conditional waiting time distribution for the second conception given that
the first has oc¢curred at X, = 0 by using Palm Probability (Biswas and Pachal
1585) is

(k 4+ 1) a*+1
(@ + x5 — m)+2 ’

Fx; 1 x,) = T x; <00,a,k>0 (219

M X+l
=-E(X='IX1=0)=I xh (k + 1 a

(a -+ x5 — w2 *2
=r=+-% (2.20)
and
X =0 = ﬁii @*— 2@~ “}cl + (a—m2%  (221)
Var (X:f X, =0 = ii:ag_ k—}k-l 22 1 k41 -
a 1
+02—2aﬂ+“’_(?+u)
{k -4 1) a
=WE-1 2.22)

Now
E[E@, + X1} = E[-f; + 2. n*] from (2.41))
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Substituting from (2.6) and (2.7}, we get

2
E[E(X; + X)¥) = ba AT 4w (2.23)

tk — 1)tk — 2) k—1

E(X,X5) = ;— [E(X, + XF ~ E(X,) — E(X3%)]

__1 6a? 4ma
=3l ®=ne=2" 1 F=1
2a2
Sy v
+:t: a’+20(a~n)kj;l — (@ — =32}
__ a2 =2 _ Ta
(k{k — 1)* (k = 2) i
Cov (X, X2) = E(X,X3) — E(X,) E(X3)
__ a2 _ma_ @ ( +3_)
Rk — 1)* (k — 2) k k—i\" 7%
- a 3x — da _
-k —DE—2 " ”]
a (3k — &) a
yx e HE= DL EF=1 k=2 ““(2"‘_1)]
YA ds = ka? th+a)a2
k—Dxk—-—NEE=-D

Bk —&a-—nlk—Dlk—20k—1)
- a¥ Kk — )k — 2)

{2.24)

The correlation obtained directly as given by (2.14) differs from the one given
by (2.24), because in the latter case, the technique of Palm Probability has
been used to obtain the conditional waiting time distribution of the second
conception given the time of the first conception. As shown in Biswas and
Pachal (1985), the conditional probability distribution (Palm Probability) is
obtained from the corresponding unconditional distribution by replacing
k by k + 1. As such the mean waiting time under the set-up of Palm Probabi-
lity is reduced frem a\k — 1 to a/k (k > 2). This may be apparently a reason
for having the possibility of a negative correlation between the interconceptive
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delays too. It may further be seen that the correlation is negative if

rlk—NDk—-0Q2k -1
3k —4)

a < {k > 2) holds,

Application

The parameters a and k are estimated on the basis of moments based on the
primary data collected by Dey (1985). The motivation of her work was to
study the demographic trend of the Ao Naga tribe. The field work was carri-
ed out in some villages near Dimapur, Nagaland (India). The sampling design
was simple random sampling. The questionnaire included social aspects such
as living standard including food habits, yearly income, medical and sanitation
facilities, marriage (within one's caste or intereaste), type of marriage (arrang-
ed or otherwise), literacy level etc. The respondents included in the survey
belong to the lower middle class earning about Rs. 12,000 to 24,000 per year.
The questionnaire relating to reproduction performance included age of mother
at different orders of parity, thus giving the time interval from marriage to first
birth, first to second and so on. This particular portion of questions relating to
fertility behaviour was asked of 50 females of different households. On the
basis of the data giving interlive birth intervals the waiting time for successive
conceptions was obtained under the assumption of one-to-one correspondence
between conception and live birth. The correlation between the first two suc-
cessive conceptive delays for the same woman was obtained from the bivariate
table constructed from the survey data.

The estimated correlation coefficient is

Y =0.57357

Equating the sample estimates of time interval from marriage to first concep-
tion and from first to second in years from Dey with the theoretical expres-
sions.

We have,

E(X;) = =" = 2.04166 (A)

[

A2 (B)

E(X,ix1=0)=n+%

For ® = 1 year and solving {A) and (B}
A
a = 4,66356
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M
k = 3.2842

Subatituting for ¢ and & in (2.24)

A
I = .3638

A
;I‘o test if the observed value of v differs significantly from the estimated value
! Fisher’s Z-transformations was vsed that is,

1 1+«
z=— o
2Icag = and
=} 1+
E—-ziogc i—p

uader H, i,e. there is no significant difference between ¥ and /

ZzN(E, n_1_3)

z—§

. J—l—.-uzv(o,n

r—3

Now, we have

1 1.57357

Z = 5 loge iy — -69282
_1 13658 _

T o log —oo- = 38356

1 1
SEZ)= 7o=7 = Jir = 15617

zZ—& .26926
Z == - =
Ll dfn—3 15617 1.72414

A A
Since Z is smaller than 1.96 there is no significant difference between p and ¥ at
5 per cent level of significance.
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Discussion

As it has been noted that there is no significant difference between the
observed correlation coefficient and the estimated one, we may conclude that
the model developed for the bivariate distribution of the two successive con-
ceptive delays is more or less justified even though the observed data from
Dey (1985) are based on a sample of size 50 out of which only 44 could be
used as only the same number of mothers had two or more births whereas the
remaining six mothers had only single birth. Another limitation of this study
it the assumption of one-to-one correspondence between conception and live
birth which may not be always true due to the interruption of the waiting
time interval by stillbirth or abortion, so that the actual waiting time for the
first conceptions as well as between the consecutive conceptions should be less
than the observed value which we have considered. Although the data collect-
ed include the total number of foetal wastage during the reproductive period
it was not known within which order of conception the pregnancy wastage
occurred and hence the exact time interval for conception could not be obtain-
ed. Nevertheless, as the purpose of the study is to estimate the correlation
between successive conceptive delays overestimation of both the consecutive
delays for reasons mentioned above may not subitantially vitiate the estimate
of the correlation coefficient.

It has been shown by Biswas and Pachal that the covariance between the
waiting time for non-overlapping consecutive conceptions is correlated because
of the weighting of the fecundability parameter A by a gamma distribution. In
the case of a fixed A the correlation becomes zero which was shown in (2.5")
in conformity with the finding of Shops.

Following Sheps, we have maintained that correlation is zero in the case of
a homogeneous population. On the other hand, the correlation arising because
of heterogeneity in fecundability may often be encountered in practice due to
sampling from a mixed population made up of subpopulations consisting of
women with varying levels of fecundity with unequal probabilities of success.
Within a subpopulation the correlation between the successive conceptive
delays may be almost zero. But when these subpopulations are mixed up and
considered as one population, the fecundity level does not remain fixed among
the couples so that the probability of conceiving varies among the couples
following a prior distribution and obviously giving rise to non-zero correla-
tion.
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