Demography India
Vol. 20,No.2 (1991), pp. 20272

S Mukhgré]ee*, K.K.Sngh**, C.M. Suchindran** and B.
N. Bhattacharya*

A Probability Distribution for Last Closed
Birth Interval

Introduction

N many retrogpedtive surveys on fatility and family planning, conducted in different parts of

the wold, a common pradice hes bemn to cdllet infformation on hirth hidories of
maried women. The avaladlity of such deta hes causad demogrgphers to conduct birth
inavd ardyds with severd agjedtives in mind: (1) to undadand the bidogicd proosss of
family fomation through mecheniams congdat with the dbsavaions (2) to edimate
paramdas of proximete deleminants of fertility; (3) to investigate the possble conssquarces
on vaious dtadions in thexe paramdas and (4) to condruct indices for mesalring
changes in fatility in the context of the implementation and evauetion of family planning and
maternd child hedth care (MCH) programmes

Infometion on dossd birth intevds rdaed to births in the ddant pedt is Sbjet to
lgpses of memoary and ather souross of hiss thet often depend on the recdl period. In recent
years rerogpedive enquiries of dea odlledion have been corfined to a paticllar paiod
precading the reference date of a aurvey. Spedd atantion hes bean pad to cdlledt information
on the lag dosed intavd. The lag dosad intavd requires recdl of informetion only on the
two mogt recant hirths before the survey date and is expected to be more rdigble then earier
dosd intevas Hee we devdop amodd to andy<e the lagt dosad hirth intervd with the
ood of edimeting bidogicd parametersof humen fetility.

The sodo-cuturd pradioss rdaing to timing and frequency of coitus the pradtice of
vountay o invduntay aoginence dter dhilchirth, and ather fadtors may influence hirth
goadng. Abdinence from caitus is a auturdly pettemed nomm, scrupuloudy obosarved for
vaious reesons by mogt peoplein rurd Inda and other treditiond sodelies in different parts of
warld (Mahedevan 1979; Santow 1978). Sexud taboos are dosarved with varying degress of
dridness in differet sodeies because women are conddearad to be undeen and palluting
during the firg fev months podpartum. The paiod of aostinence is detemined by some
marke of theinfant's devd opment—sitting, acraming, walking, or cutting tegth. Intercourse
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with aladating women is dso conddared an unethical pradiice in some Soaies thisteboo mey
proong the peaiod of abdinence conddaradly in sodeies whare brees-feeding is of lag
duraion. Previous atampts & modding hirth intervals considaring the risk for conoegdion for a
sngewomen to becongant withinabirthinterva are nat gopropriatefor such stugtions

Pode (1971), Shgs and Meken (1972), and athas have outlined procedures to datan
theordicd didribuions of lag dosed intavds of a adfic order. In addition to parity, these
ddribuions dgpend on age andlor on maitd duration. The daivations of the modds under asat
o asumptions requires the knomedge of the digributions (o ther fundiond rms) of the
aglier birth intavas Expressons dften become too complex, thus meking thar  gpdlications
dfficut. Here we atempt to daive a digribution of lag dosad hirth interva coouning during a
oadfic paiod. The modd is nat paity depardant. This fegture mekes it Smple to goply and
avaod the problems of arars in paity deta The modd is do goplicable in Stugtions whare
adtinence falowing childbirth and taboos rdaing to caitd frequency duing the ealy partt of
inevd ae widegreed. The modd is illudraed with the dda cdlledted from two' Indian
fertility Surveys

M odel

Quppoxe maried women of the same agg, sy b, are sampled a sometime T and the detes
o the ledt two hirths if they cocurred during the preceding T years of the survey are recorded.
The ddribution of the length of the legt dosed intavd far women who have such an intevd
ingior to ageintavd (a,b),(a-b-T")or tmepaiod (T ™~ T, T") is daaned under the
fdlowing esumpions

@O (T" -T)is a ddat point &t mariage and the paramde's of reproduction hed
been condat for a conddaable paiod prior 0 ege "a' o thet equllibium is
ataned a (T' - T). The parameiers d<0 ramain the same during the period (T -
T,T".

(@ The duraion & pogpartum amenorrhoea (PPA), sy, U, and the paiod of sed
abdinence sy, V, fdloning a live hirth are indgpandently didributed, non-negetive,
random vaiddes with coreponding didribuion fundios G(t) and H(t). The
dtribution of the nontsusoeptible period, Z, assodaed with alive birth isgiven by

Z=max (U, V).

(3) For awoman with Z= z and V = v, the conditional instantaneous risk of conception—the
oneimmediately following alive birth after an elapse of time/ is

m(t/v); t> z
my= Limm(t\); fordl v.
t® ¥

Sncecotusreaumes dter the pariod of aodtinence itsfrequency and conssquently m(th)
is asumed to dgpend on the duration of podpartum abstinence paiod ad t, urtil a
conogation ococursor thenond levd isatained, whichever isealier.
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(4 6istheprobshility thet conogaion resLitsinafodd loss 0<g< 1.

(®) The length of the non-ausoeptible period comprising the duration of pregnacy and
PPA asodated with fodd loss is an exponantidly ddributed random vaidde
withmeanl/c,c> Q.

(6) The condtiond indantaneous risk of conoeption fdlowing the tamingtion of the
non-ausogtible paiod fdloning afoetd lossism,.

Fundiond foms of G(t), H(t), m{tA) and condants invaved therein and parameters 0
and ¢ do nat chenge with egeand patity intheintavd (T - T, T").

Derivation

Le us cordde a women with U= u, Ve v and thus Z = z whae z= me (U, V). Mesauring the
time gnce (T" - T), denoted by S ,S,,... the time of recording the successive hirths which
occurred after (T'~T') ;X=§ andX =S-S; (i =23.). Since the reproduction process
was in equilibrium a time (T" - T"), the distribution of the time of firgt recording for the
womanis

K* @) = [ [{1=K®m)dx 1
a

whereK(X) istheddribution fundion of dosad birthintavd and \i isthemeen length of the
dosd birthintervd andisgiven by (see Shegpsand Manken 1973)

Ll

w=J (t-K@)a. @
0

Thelast closed interval within the period (T" - T, T') could beobserved only for those
women who have hed two or more births during the period.

The digribution fundion of the length of the lat dosad intavd for a women who has
experienced such aninterval during (T"- T, T") [i.e,, delivered two or more birthsduring
(T"-T",T)]is

- Pri# of women with lagt closed interval g ¢ and atleast two bivths during (77 -7, T ]

!
BO Pr [# of women with at least two births during (7' = 77, T™)

3

The proportion of couples who have had exacily i (¢ = 2) births during (I -T’, T%)
and the length of the interval between (i - 1)™ and & births is smatler or equal to ¢ is

PrIXsinSsT NS >T']. (4)
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Thus, the proportion of couples with length of the last chosed interval lying between ¢+ and
£+ dtis

B~ Y P8 ST —1n S +X;, > T — 11k, 5
22
where k(1) is the density function corresponding to distribution function K¢t), Since {Xi;
{=12,3,...)are identically and independently distributed, therefore
Pr($; ST —inS 1 +X;_ 1 >T -t =P8 ST —4n§;_1+X;>T -1]
=Pr[S;_ | £T ~tn§;>T" ~1]
=P, (T =1},
where Pi_1 (7'’ - ¢} is the probability of experiencing exactly (i — 1) births during (T - T,
777y, The equation (5) becomes
BO=),P (T —0kde
122

which reduces to

B = Pr[S; £ T' -4 k(ndr. - (6)
The proportion of women with twe or more births during (7" - 77, T} is
T
-J B dt.
0

Thus, the distribution function of the length of the last closed interval for 2 woman who has
experienced such an interval in (77 — T, 7'} is writien as
i
_[B* () dt _
B =0T 7
JB"(:) de
0
Under the assumption (2) of the modd, the didribution of lag dosed hirth intervd can
further beformulated asfdlows
The duration of postpartum abdtinence wiill be the period of non-ausoeatihility when PPA

is less then or equd to the period of abginence In this case the probeblity thet Z will lie in
theintervd (z,z+ A9 is

GoHa
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Again, the duration of non-susoaptibility will bethe duration of PPA when the pariod of
abdinenceislessthen the duration of PPA. Thus the probetillity thet Z and V will lieinthe
intevas(z z+ dg and (V, v + dv) reppedtivy (0<v < 2),is

dGERHW).

Thus the proportion of women in the population with legt dosed interva lying between t
andt + dtis

B (0= | G@ dH@ Pr{§, <T /2.2 1k1/2. ) i
{0, 0

+§dG@) [dHe) Pris, T - Trv.2 1 hierv. ) db. )
G, 4 [4, 2)

Sudituion of equation (8) in equition (7) will gvethe gppropriate didribution.
[Hlugration of theM odéel
Data

Daa usd for illugration of the modd came from two surveys (1) "Rurd Devdopment
and Popuation Gomh — A Sample Survey”, caried out in 1978 with finendd suppart
from the Univarsity Grants Commisson (UGC), and (2) "Effects of Sodio-Economic Fadtorson
Deteminants of Fatility in Esgen Uttar Predeh’, caried out duing 1987-83 with
finenad suppart from the Indian Coundl of Medicd Ressrch (ICMIR). Both were con
ducted by the Centre of Populaion Sudies Banaras Hindu University (CPS BH.U), India

Orecommon ogedive of the surveys wes to datan rdigble data rdding to fetility to
dudy the sodo-economic and behaviourd fadtors afeding fetility and edimetion of the
kio-culturd paramgiers of reprodudtionin Eagem Uttar Pradesh,

In the UGC S urvey gratified random samples of 19 villages were sHected from Varaned
tehdl and adjoining aress ad in the ICMR suvey a sarple of 19, 8, and 29 villages ws
Headad rexpedtivdy from rud aess of Vaaned, Ghazipur, and Azamgarh didrids of
Eagten Uttar Pradesh. The surveys induded dl houssholds from sdedted sample villages
numbaing 3514 and 3931 in UGC and ICMR aurveys repedtivdy. A couple wes odfined
dighble if bath partners were dive on the reference date of the survey and the wife wes less
then age 50. In addition to ather informetion, deta rdaing to hirths thet cooured to dighle
women during the precading seven years from the reference dete of survey were cdllected in
thel CMR sudy whilethe UGC sudy cdllected the complete birth higory.

The lagt dosed birth intervals of women in the aurrent age groups 25-30, 30-35, ad 35
45 who=e efedtive mariage durdion wes 12 years or more and who ddivered two or more
hirths during the preceding seven years from the reference dete are examined in thisudly.

Only women having maitd durdtions of 12 years or more on the reference ddte of
survey were considered because the reproduction process may be assumed to have
atained equilibium by thet time. Among thedigible couples only thosewho dd nat
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adopt ay tamind method of family limitation and who were bath usid resdants of the
village were induded in the dudy. In ICMR dudy informetion on the getus of women
(mergruating, pregnant, amenathac, menopausa) on the rference date was dotained
and thosewho hed reeched menopause were d o exduded.

Application

Application of the modd reguires infarmetion on the digributions of PPA and the period of
ddinence, T; — the time beyond abstinence during which coitd frequency depends on
timg 9 — the inddence of fodd loss and 1/c mean durdion of the non-usogatible paiod
asndaedwithafodd loss

Andysss of dataon PPA from surveysin Eagern Uttar Pradesh and aswdl asdatafrom
rud regons of India and Bangladesh, where extended bresst-fesding wias the practioe of
mos women, reveds thet the digribution of PPA hes two modes, one within few months
dter birth and another many months later (Ford and Kim 887; Sngh 1990, Sngh ad
Bheduri 1971). Because of this absarvaion, in the goedification of the modd, we assume
two groups of women whose PPA takes two vaues t; and t, with probebliies p ad .
repedivdy, 0< p <1, p; + B = L Onthebessdf the andyss of dataon PPA from the
ICMR auvey, t; and (2 are taken as 0.1 year and 1.00 year repedtivdy and the vaues of p;
ae taken as 060050, and 045 far women bdonging to age groups 25-3030-36, ad 345
respectively.

In the sudy ares, same taboas on commencamant and fregquency of caitus dter childbirth
ae prevdat. The sudy on Brees-Feading and Its Effedts on Fatility wes caried aut in
rurd and urben arees of Vaanad in 1987-89. In rurd arees; the sudy wias conducted in five
villages also covered by theICMR survey. Inthis survey, information on duration of
abdinence and PPA wes cdlledted. For women with PPA durdions of 12 months, 23
months 3 -4 months and 4 months or more, the means of the duration of effedtive aodtinence
(which is predtised after resumption of mendruation) were goproximatdy 2,1.80.7 and 02
months regpedtivdy. Hgures indicate thet women uadly abdain from intercourse on an
avarage 3monthsater childirth,

Thus ynder the assumptions (1) the duration of post-partum abstinence is the same for
all women and itis of length 7, (2) the conception rate 2 (1/1) is a polynomial of degree 7 in
tfort < i < T+ Ty and constant thereafter and is of the form

é qj.(fnt)j fo;z<1£t+T1
mi/ty = 4470 ©)

T ¢.T} fort>t+7T, .

=07 :
Under these assumptions the expression for B*(r) in (8) reduces to
2 T-g
8w =Y p [ 10 K@) aokes, (10)
i=1 0
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where K(t/i} is the distribution function of the closed birth imerval for a female with V=1
and U = ;. The density function and mean length of the interval comresponding to K¢1/i} are
k(t/i) and p; respectively, where
2
K(/y=), A K(/i)  (sec Appendix). _ an
i=0
t-g
Denote M(¢/i) = _[ mxhde, Zi=max {4, 1), OsZi<t-gLhi=t+g, i=1,2and
Zi
# =1+ g Then _
Ko (/i) =1 —exp (~-M{/5)} . (12)

Substituiing in equation (12) for m {#/1), M(y/i) reduces to the following;
Fork' > H

o) R <ISH 4T
M4y = r . 13
T+ H)+ qul”'l Ju-#~-Ty ] ife>h+ T
J=0
for ¥ <hi<h’ + 1N
o)~ @lhy SR <1<k +T)
Mt/ =+ ro (14)
Oy + 1) - Uy +| Y g PYU-H =Ty | ift>a'+T
i=0
and for A, > W'+ T
¥
M/iy=Y ¢Ti(-hy sifi>h;, (15)

j=0

where

Smilaly, Kj(ti),(J=1,2) canbeoddtaned from expression (A4).

Maximum likelihood estimation procedure was used to obtain the parameters of the
model. The Newton-Raphson iteration procedure was used to solve the equation. In
egimetion of paramders it was assumed that g = 0.151/c equd to 05 year, t equd to 025
year and T, equal to 2 years. Whenm(t/t) is constant, the distribution involvesonly one



TABIE: 1: VALUESOI' THE CHI-SQUARE STATISTICS TO TEST THE DIFFERENCE BETWEEN OBSERVED AND EXPECTED FREQUENCIES OF
LAST CLOSED BIRTH INTERVAL FOR DIFFERENT FORMS OF RISK FUNCTION

Name, of Survey Risk Function Age of women on reference date of survey (in years)
2530 30-35 3545
X° DF. X° DF. X° OF.
ICMR Condart 6.8 5 177 5 10
Linear 51 4 4.5 4 4.7
Quedrdtic 4.9 3 3.6 3 2.4
LR1* 2.4 144 9.7
LR2** 0.2 0.9 22
UGC Congant 454 5 532 5 383 5
Linear 230 4 127 4 9.8
Quedratic 3.5 3 2.4 3 8.6 3
LR1* 251 451 287
LR+ 193 9.9 2.3

* islog -likdihood o congtart tolinegr.
** jsloglikeihood of linear to quedratic.
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TABU,; 2: DISTRIBUTION O WOMEN ACCORDING TOTHE LENGTH OE LAST CLOSED INTERVAL BY PRESENT AGE (UGC SURVEY)

Last closed interval
(invears

Age of women on reference dale of survey (in years)

2530 30-35 3545
Risk Function
Quadratic Quadratic Linear
(F)bserved Expected Frequency Observed Frequency Expected Frequency Observed Frequency Expected Frequency
requency

0.-1.25 13 12 9 8.4 6 6.7
1.25-1.75 12 154 16 m 28 216
1.75-2.50 88 844 114 1136 110 1260
2.50-3.25 96 1024 135 1308 122 1034
3.25-4.00 48 406 56 60.8 50 544
4.00-4.75 11 131 20 230 19 254
4.75-7.00 4 4.9 14 103 17 145
Totd 272 2720 364 364.0 352 3520
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TABLE3 DISTRBUTION OFWOMBN ACCORDING TOTHELENGTH OFLAST OLOSED INTERVAI BY FREEENT AGE(CMRSURVEY) 28

Last closed Age of women on reference date of survey (in years)
interval
(in years)
2530 3545

Risk Function
Linear Linear Linear

Observed Expected Observed Expected Observed Expected

Frequency Frequency Frequency Frequency Frequency Frequency
0-1.25 11 122 19 149 6 71
1.25-1.75 31 25.9 29 36.0 24 178
1.75-2.50 56 62.2 120 1202 81 0.2
2.50-3.25 47 47.7 98 93.0 81 73.5
3.25-4.00 31 30.4 48 52.7 42 431
4.00-4.75 24 177 32 269 19 22.4
4.75-7.00 10 139 15 173 16 149
Total 210 210.0 361 %10 269 269.0
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TABLE4: ESTIMATESCF THE PARAMETERS VARANCES AND CORRELATION COEFHOBNT BETWHEEN ESTIMATCORS

Estimates Name of Survey

ICMR UGC

Age of women on reference date of survey (in years)

25-30 30-35 35-45 2530 3035 3H45
Qo 0.399 0.350 0.304 0.770 0366 019
o 0.123 0.290 0.279 -1111 0309 0462
® — — — 0853 0448 —
Vv(do) 0.006 0.003 0.004 0.051 0019 0003
V() 0.013 0.005 0.006 0.223 0097 0.004
v(0p) — — — 0.055 0025 —
corr(go,q2)X(-1) 0.692 0.831 0.869 0.898 0881 0863
Corr (o, &) — — — 0.752 0.739 —

Corr(an,e)x(-1) — — — 0953 0.752 —
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paaneer ¢ The Inid vdue of ¢ can be dbtaned by equating the obsarved mean of the
legt dosad intervd to its theoreticd vdue When m( t ) is a poynomid of degree ong there
ae two paangas ¢ ad g — maximum likdihood etimates of ¢ obtained for congtant
form of mt t) and zeo were teken as initid vdues of ¢ ad g repedtivdy Smilaly o
andy, dhtained above and zero were teken as the initid vaues of o, g1, and gregpectivdy,
when m(t/t) is quadratic
In Table 1 we give the fit of the modd teking condart, lineer, and quedratic form of risk
function. The condant form of hezard function gave a poor fit. The digribution worked wl
with the lineer form of risk function for the ICMR data and with the quedratic fom of risk
function for the younger agesfor the UGC dda
The expected ditributions of women according to thelength of last closed interval by
apegpper in Tables2and 3.
Estimates of parameters, variance of estimators, and correlation coefficients between
esimators gopear in Table 4
For 1978 data, the best fitting modd showed the conception rate m(t/t) during theiinterve
(tt + Ty) to be quadratic of theform cp+ o (t-t) + qut - t)* for age groups 25-30 and 30-
35 (Table 2) Contrary to expectation the value of ¢, was found to be negative, and the
vdue of @ wes podtive Thee parameler vaues indicate that m(t/t) decresses during the
interval [(t , t - (0/2092)] and increasesthereafter morerapidly till timet + T, However,
the width of the intervd [t - (@/2qp)] is smdl and found b range between 0 to 4 months
for the two age groups Also the rate of decresse in m(tt) is dow This devidtion from the
preconceived pattern of m(t/t) may perhaps be due to the s mplifying assumptions made
about various components. For the age group 3545, the lineer fom of m (t/t) gave adequete
tit The estimated risk of conception at timet, m(t/t) of thewomenwho belong to younger
age group is higher than that of females who bel ong to the older age group. By plotting
m (t/t) (not shown) against t of women aged 25-30, 30-35, and 35-45a thereferencedate
of the survey, it can be seen that the curve of m(t/t) for age group 25-30liesabovethat ot
the other two age groups
For 1987 data, the linear form of m(t/t) function gave adequatefit for all age groups
(Table 3) Thelikelihood ratio criterion for testing the null hypothesis g, = 0 has been
caculated for each set of dataand found to beinsignificant. Thus, we present the estimate
of parameterstaking the linear form of risk function in the tables. The estimate of the
conception rate at the start of cohabitation, gy ishighest for womenwhose current ageis
2530 and, g, a messure of the rate of increess, is lowest for the same age group of women
Thus the age group 25-30 shows high conception rate inthebeginning of theinterva and
Ubsaouently with time, falsbdow the ather two groups
The adequecy of the linear form of risk function for the age groups 25-30 and 30-35 for
1987 daa as compared to the quedraic form of rik function for 1978 data ssams to indicate
thet recatly there is some rdaxaion in sexud redrictions on couples in the sudy area This
result indicates the sensitivity ol the model parametersto changesin bio-socia factors
afecting humen fetility
Theingantaneousrisk o pregnancy fallowing the previous birth is assumed to increese
during (t,t + T4,) and attainsaplateau therediter Infact bath t and T, j may depend on surviva
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qaus of the dhild, breest-feding pradices demogrgphic charadteridics (uch as age
maitd durdion, paity, numbe of snviving children, and their age and ), and auturd
daataidics and may d vay anong women having Smilar charadteridics The
vaidion in m(ti) among women may be incoporated in the present modd in a manner
dmilar to thet discussad by Bhettedharyaet al. (1988).

References

Bhatacharya, B. N., Pandey, C. M. and Singh, K. K. (1988), Modd for firgt birthinterval and somesodd factors,
Mathematical Biosciences, 92, 17.
Ford, K. andKim Y . (1987), Didribution of post-partumamenarhea Somenew evidences, Demography, 22,413,
Mahedevan, K. (1979), Sodology of Fertility, Saling PublishersPvt. Ltd,, New Ddhi, Inda Poole.K . (1971),
Fertility BasedonBinhIntervalDala.RTI Project No. SU-587, Research Triangle Park, U.S.A. Santow, G. (1978),
A Simulation Approach to the Study of Human Fertility, Martinus Nijhoff Social Science
Divison LedavBaston, Publication of the Netherlands Interuniversity Demographic Indtitute and the Populationand
Family Sudy Cantre Sheps, M.C. and Menken, J. A. (1972), Distribution of birth intervals according to sampling
frame, Theoretical
Population Biology, 3, 1. Sheps, M. C. and Menken, J. A. (1973), Mathematical Moddsof Conogationsand
Births, University of Chicago
Press Chicego. Singh, K. (1990), An Empirical Study of the Effect of Breast Feeding on Fertility,
Unpublished Ph. D. thesis,
BanarasHindu University, India Singh, S N. and Bheduri, T. (1971), On the Pattern of post-partum amenorrhoes,
In: SN. Sngh (ed), Procesdings
of All India Seminar on Demography and Statistics, Banaras Hindu University, India, 284 pp.



272 SMukherjes K K. Singh, CM.Suchinran and BN Bhettacharya

APPENDIX

The length of an interval between two consecutive births for a female with U =4, V=
v, and Z = max (¥, V) could be decomposed as
n n

T/n=Z+Z Wj+2 Yi+g
j=0  j=1

given that there had been exactly » intervening foetal wastages, where

Wj: The duration of stay in a fecund state until conception following termination of the
non-susceptible period of the live birth at the start of the interval (f = 0) or following
jmfoelal lossinT’ (2 1), :
Y;: The duration of non-susceptibility associated with the fh foetal loss, and
g: The period of pregnancy associated with the live birth,

Here if, (Z + Wo), W1, W2, ..., ¥1, Y2,. .. are siatistically independent and for each
J = 1, Wiand ¥; are exponentially distributed with parameters me and ¢ then, it is easy to
see that the Laplace wansform of the unconditional distribution function of the random
variable T is

wis) = 2 (1-60)8"F'(s) {mo/mt] +§ }ﬂ {c;’c + .'r)]’l exp(-sg) ,
n=0

where F' (5} is the Laplace transform of the distribution function of the random variable
(Z + Wo)

The above Laplace transform is rewritien as

W(s) = F(s) [Ag + Ay {v{/Vy + 8] + Ay [Vo/ (v, + 5}] exp{-sg), where

mycd (1-9) mye0 (1-0)

T (=) T TR v (v —vy)
v, and v, are the additive inverse of the roots of the equation s° + (mg+c)s+mye(i-9)=0
and v; and v, are non-negative and distinct.

The inverse of ¥(s) — the completed distribution of closed birth interval T is

2

Ag=1-9, 4,

K=Y AiKi©) (A2)
j=0
-2
where Ko(d)=1-exp —I mx/Vide it >z {(A3)

X

t
K;{f):j Koy vj-exp{—vj (f—y)}dy; i>z(j=112). . (Ad)



