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A Modified Stochastic Model of Family Formation

Introduction

DEMOGRAPHIC charadteridics of women in the reproductive ages are the most important
variables taken into consideration in the formulation of population management

programmes and working out implementation drategies Knowledge about ages of mothers at
the time of birth of offsprings to them will help health workers to identify the right
group of women who should be motivated and persuaded to adopt small family norm asa
healthcare and welfare measure. Oneway of ng such characteristics of mothersina
population isto go for demographic surveys, which are time consuming and codly effars
Due to lack of complete registration of births and deaths and incomplete list of digible
couples, planning has been handicapped.

The remedy to this seemingly challenging problem is not hard to find if werealisethe
underlying mechanism of interaction of nuptiaity, fertility and mortdity in framing the
demogrgphic characteridics of women. With this view in mind, the presant pgpar ams at
proposing amodified model to ascertain demographic characteristics of mothers suchas
average age of mothers at the time of birth of the first and the last offsprings, average
reproducive goen and prabebility digribution of birth in the lifetime of mothers with limited
demographic information that summarizes the marriage, the fertility and the mortality
patternsin apopulation. The emphasisisto study the sensitivity of nuptiality, fertility ad
mortality on the aforesaid demographic characteristics of women.

Krishnamoorthy (1979) initiated such investigation using age specific fertility and
mortality rates. Smilar sudiesare found in Ram and Pathak (1989), Ladusingh (1991) ad
Pahek and Guru (1992). However, none of these studies has incorporated age patamns of
marriage. To bridge this gap an attempt is made in this paper to develop a modified
stochegtic modd for studying demographic characteridtics of mothersintems of probstility
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distribution of number of births, average age of mothers at the ttime of births of the first
and the last offsprings, average repreductive span and probability of ever becoming mother
by incorporating age patterns of marriage.

The Model

Let P_{y, x) denote the probability that a girl will survive and give birth to r children
when she reaches age x given that she got married at age ¥ < x. The expression for
P_(y. x) is derived under the following assumptions:

(i) the probability that a woman of age x will give birth ta a child in the age interval

(x, x + d} is mr (x) dc + 0O (dx}, where m(x) = 0 outside the reproductive age
group,

(i} the probability that a woman of age x will die in the age interval (x, x + dx) is
i (xy de + 0 (dx) and

(ifi) the probability that a woman of age x will survive the age interval (x, x + &)
without giving birth to any child is | — {m {x) + p (x)} & + & {dx).

Under these assumptions, we have

P pox+ay =PI - {mix)+u {Jr).}l ] + P, O x)m (x} de + 0 (dx)(l)

-1
At the time of mam'ag'e. of a girl we assumned that

POoym=1ad P (=0, r>0 {2)
Transposing and taking limit as &x 2 0, we get from eqn. {1}

Plx=—{mx+pE}r ¢ o+mxP _ (v x) (3

Let G {# 5) be the prebability generating function of £_(y, x), then

& &
5069 =Ie—P 0
=-{m@rpx)} G s)tsmx)Gir s)

%IHG{P,£]=—{m(x}+|.l{.\')}+3m{x:l

or, G(r5) =CehEm@+u@+smola
=C {Myelmpap+. +5{lm@Odypt...] @



A Modified Stochastic Model of Family Formation 63

where ! = e lmidt  and Cis the constant of integration. Lising boundary conditions
from eqn. {2) in eqn. (4), we obtain € = |, then

P yx)=1(1/1) elima {J: m () i} /| |r : {5)
r=0,1,23.... ]
Let o denote the minimum age eligible for marriage of a girl and the probability that a
woman marries in the age interval (x, x + dr) is g{x)ebr and it vanishes for x < o and
x 2 50. Further, let P, {(ci, x) be the probability that a woman gives birth to ~ children
when she reaches age x, then

Pl )= [y g, nekmd ([ m@dy hrdy
- LI g0 elm0a {fm ) diy iyr B ©)

Therefore, the probability that a girl will eventually give birth to r children in her lifetime
dencted by P, (c, .} is obtain as

P, )=l @l g0 elm@d {f m)dy /ir? dylde (D
r=0,1,23 ...

MNow putting r = 0 in eqn. (5}, we pet .
Polvxy =iy elmpa @)

as the probability of surviving upto age x without giving birth to any child given that the
woman was married at age y.

Therefore, the probability that a woman will ever become mother P(/+), is the same
as the probability that a woman will eventually have a child in her lifetime after marriage.
Thus, we get

P =L 1 mn) [ g, () el m0d o
=f—Pu({1, :l - (9)

whete B is the upper limit of childbearing,.
The mean age of mothers at the binth of first child is obtain as

Bt i) g, 00 e MmO & i

M = =
I'l I mix) [J:go 09 e-J_:m o di )

(10)

At length, the mean ape of mothers at the birth of the last child is considered irrespective
of her birth history. For this, we have the probability that 2 weman after marriage at age
» pives hirth to the last child in the age interval (x, x + )
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= {11y m () [, dvg, O gy]ei m n) dt g
=1, m) 8,00 b e lm )t iy (1)

As a result the mean age of mothers at the birth of the last child is obtained as

I oxt m) g, 0 ] e im0 dr i

M, o= = T v {12)
Lty (g0 dvl e im0
The average reproductive span (ARSY of mothers is evidently
ARS = M_ - M, {13)

The formulation in this section is interesting from the point of view of family building
strategies based on alternating marriage pattern, because these formulae are expressedin
terms of arbitrary marriage pattern depicted by probability density function go(x). The
presence of go(*) makes the present conceptualisation distinct from those of

Krishnamoorthy (1979) and other existing works.

Selection of go(X)

The empirical evidence on the age patterns of marriage suggests a negative skew
distribution which gradually increases from nearly zero to a peak value and then steeply
tgppers to zero again with the advancement of age Such didributions are dosdy represertted by
lognormal distribution. Apart from simplicity in application due to itsaliancewith, the
normal distribution, it also belongs to double exponential family. Variations in the age
patterns of marriage can be imparted through the two parameters of lognormal
distribution. With these considerations go(X) is taken as alognormal distribution in the
presat developmeatt. Before implementation, a brief discusson on the propaties of go(X) as a
p.d.f. describing age patterns of marriage is taken up.

Let Y bear.v. representing female age at marriage in abirth cohort and as above a
is the minimum value of Y then c.d.f. Go(y) is given by

G = PIY £3]

= [ g ds
=@ {{In {y -~ &) - uyo} (14
foru<y,where¢'(')r—f L

"4
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[llustration of The M odel

The model formulated in Section 2 by incorporating age patterns of marriage is
illustrated for studying demographic characteristics of mothersin terms of probability of
ever becoming mother, mean ages at the time of births of the first and last offsprings,
average reproductive span and net fertility rate.

The main objective of such an illustration is not to claim the goodness of fit of the
proposed model but to explore the underlying mechanism of the interplay of nuptidity,
fertility and mortality in moulding the aforesaid demographic characteristics of mothers.
Keging this in view the populaions -of Madhya Pradesh, Keda and dl India with tod
marital fertility rates of 5.04 children, 4.03 children and 4.32 children per mother on an
average, with life expetancy of 515 years 699 years and 564 years repectively in 1981 are
considered for illustration. The median age at marriage of females are respectively 165
years 189 yeas and F74 yeas in rrd Madhya Pradesh, Keda and dl India drca 1981
data. The age patterns of marriage are generated through lognormal distribution dsossd
in Section 3, aimating the two parameters L and s by moments method meking use of age
distribution of marriage in 1981 available from RG (1988) and a istaken as 15 years.
The inputs are available in five years age group while the model formulated is
continuous in time. Therefore the model is discretised.

The mean ages of mothers at the time of births of the first and the last offsprings
areimportant characteristics of mothers asthey providefertility index in terms of average
number of years mothers spent in childbearing. Table 1 showsthe mean age of mothersa
the birth of firgt child ( M) a thebirth of thelegt” child ( M9 and average reprodudiive span
(ARS) alongwith total marital fertility rates (TMFR) by regionsfor the three populaions
under discussion.

TABLE I: AGE CHARACTERISTICS AND REPRODUCTIVE SPAN OF MOTHERS

Country/State Rural Urban

- TMFR (M) (Mug) ARS TMFR (M) ( Mig) ARS
All India 450 213 3638 5 376 209 35 126
Keraa 410 20.4 32.8 124 3% 202 3 109
MadhyaPradesh 521 208 376 168 440 206 A4 138

A look at the figures of M, and M reveal sthat the mean age of mothersat the timeof
births of the first and the last children depends on the age patterns of childbearing and
significantly on the mortality patterns. Consequently the same conclusion holds good for te
avaege number of years goat in childoeating. This is evidat from the fadt that Madhya
Pradesh with the highest TMFR and the least &,° has the highest ARS both in rural and
urban areas while in Kerala with lowest TMFR and highest &° has the least ARS.
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In Madhya Pradesh mothers spent almost 17 years and. 14 years respectively in
childbearing processin rural and urban areaswhil e in Keraathe corresponding figuresare
12 yearsand 11 yearsrespectively. The marginal difference in the mean age at the birth of
first child in rural areas of Kerala and Madhya Pradesh is due to comparatively higher
values of age specific maritd fertility ratesin thefirst two five years reproductive agegroup
in Keraa. It is noticed that in rural areas where TMFR is quite high, mothers continue
chldbering upto latethiies while in uben aees where TMFR is compardtivdy [ow,
mothers are relieved from the burden of childbearing in early-thirties. Thus, in brief we
conclude that the age characteristics of mothers at the births of the first and the last
children are very much dominantly shaped by the age patterns of childbearing.

To add to our underdanding of the undelying medheniam of the inteplay of nuptidity,
fertility and mortality in shapaing demographic characteristics of mothers, in Table 2
below the age patterns of marriage probabilities generated through lognormal distribution
are shown for the three populations under consideration.

It can be seen that the probability of getting married in the first quinquennial age
group 15-19 years is the highest in al the three populations and mgjority of females got
maried by 25 years of age In rurd aress fandes ae more likdy to gt maried & younger
agesthan in urban areas, more so in Madhya Pradesh than that in Keralaand all India. It
can a'so be noted that marriage pattern in Kerala has quite distinctive feature with only
69 percent and 61 percent of women getting married in 15-19 years age group inrudad
urben aress respectivdy, while the coresponding propartions of femdes in rurd and  urban
areas of Madhya Pradesh are about 90 percent and 82 percent respectively. In Kerala, a
sizeable proportion of females are married after 25 years of age while in Madhya
Pradesh paticdaly in rurd aess negligible proportion of famdes are unlikely to remain
unmarried after 25 years of age. For all India, the median age a marriage of femaesin
rural and urban areas are 16.0 years and 17.4 years which are intermediate between the
figures of Kerala and Madhya Pradesh. The age patterns of marriage in MadhyaPradesh
anddl India aemore negatively skewed as compared to thet of Kerda

TABLE 2: AGE PATTERNS OF MARRIAGE PROBABILITIES GENERATED FROM

LOGNORMAL DISTRIBUTION
Age Groups All India Kerala Machya Pradesh
Rural Urban Rural Urban Rural Urban
1519 08621 08203 06915 06115 0.9032 0.8186
20-24 01200 0.1516 0.2600 0.22% 0.0869 0.1602
2529 00143 0.0222 0.0389 0.0838 0.0082 00175
3034 0.0027 0.0044 0.0072 0.0374 0.0013 0.0029
3539 0.0006 0.0100 0.0017 0.0197 0.0004 0.0008
4044 0.0003 0.0005 0.0007 0.0112 0.0000 0.0000

4549 0.0000 0.0000 0.0000 0.0068 0.0000 0.0000
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The probability of ever becoming mother P(1+) inthelifetime of agirl isthe other
demographic characteristic of mothersincluded in.the present analysisa ongwith the net
fertility rate (NFR). Net fertility rateis concerned with average number of children agirl
child just born would bear in her lifetime when subjected to the prevailing age patternsof
nuptiality, fertility and mortality. The probability of ever becoming mother and net
fertility rate arein fact inbedded in the probability distribution of number of births. Table 3
shows the probability distribution of number of birthsagirl child just born would bear in
her lifetime. The values of P(I+) and NFR are also included.

Scanning & the values of P(/+), it is observed that the probability of ever becoming
mother isthe highest for Keralawith the lowest TMFR and highest e°and it isthe least far
Madhya Pradesh with the highes TMFR and the leegt € For dl India with intemediate TMFR
and e°, the value of P(1+) lies between the corresponding figures of Keralaand Madhya
Pradesh. From such revelation, it may be concluded that the probability of ever becoming
mother is influenced more dominantly by age patterns of mortality over age patterns of
childbearing. In Keralawhere the life expectancy is quite high, as nearly as 91 percant of
the girls jugt bom are likdy to become mathers in ther lifeime when subjeded to the prevailing
ae pdtans of mariegg dhldbeating and mortdity drca 1981 as compaed to a
corresponding figure of nearly 70 percent in Madhya Pradesh and 81 percent in dl
India levd. This ssamingy puzding peradox is explaned by the naure of high mortdity in
Madhya Pradesh which diminaes femdes during childbearing age groups The dominant effect
of mortdity is dso noticedble from the probebility didributions of number of hirths as the
death of mother competes with childbearing. These probability distributions al so reveds
thet probshility of having higher order births are higher for populations with higher values of
TMFR.

TABLE 3: PROBABILITY DISTRIBUTION OF NUMBER OF BIRTHSIN THE LIFETIME OF AN EGO

No of Births Alt India Kerala Madhya Pradesh
Urban  Rural Urban Rural Urban Rural
0 0.1819 0.1907 0.0857 0.0900 0.2931 0.2957
1 0.0766 0.0476 0.0769 0.0636 0.0448 0.0305
2 0. 1360 0.0959 0. 1455 0.1219 0.0882 0.0625
3 0. 1667 0.1380 0.1850 0.173% 0.1264 0.09%8
4 0.1548 0.1520 0, 1767 0.1773 0. 1396 0.1250
5 0. 1156 0.1350 0.1353 0.1451 0.1250 0.1274
6+ 0. 1684 0.2408 0.1949 0.2226 0.1829 0.2591
NFR 310 345 349 3.63 2.9 33
S(\FR) 2.14 2.21 1.89 1.92 2.13 2.60

P(14) 0.8181 0.8093 0.9143 0.9100 0. 7069 0. 7043
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The net fertility rate (NFR) introduced in the present analysis is an indicator of
childbering potentid under the interadion mecheniam of nuptidity, fetility and mortdity.
Mothersin the state of Keralawhich haslower TMFR, higher median age at marriage ad
higher &°, haslarger net fertility rate as compared to that of Madhya Pradesh which hes
higher TMFR, lower median age at marriage and lower &,°. Themothersin rural andurben
areas of Kerda have on an average 3.63 children and 3.49 children while the
correponding figures in Madhya Pradesh ae 330 children and 299 children respectively.
Thefiguresfor al India inrura and urban areas are 3.45 children and 3.10 children per
mother on an average. This observation suggest that the net average number of children
bornin thelifetime of agirl is moulded more predominantly by age patterns of mortality
rather than by age patterns of marriage and childbearing as observed in 1981. When we
tum to the dandard deviaion in the number of children bom in the lifeime of girls denoted by
s (NFR), it comesto light that the higher the value of TMFR and the lowerthevduedf e°,
the greater isthe heterogeneity in the average number of children borninthelifetime of agi
subjected to the prevailing age patterns of marriage, childbearing and mortality.

To make a better understanding of the effect of age patterns of marriage on the
characteristics of women under discussion in the present paper, we give figures of these
characteristics of women in Table 4, obtained without incorporating age patterns of
mamage

TABLE 4: DEMOGRAPHIC CHARACTERISTICS OF WOMEN'

Demographic Country/Stale

All India Madhya Pradesh Kerala
P+ 08373 0.7584 08169
NFR 414 39 245
M, 2164 2072 53.05
Mg B64 3628 3208
ARS 14.00 15.60 93

Based on 1981 data and without incorporating age patterns of marriage.
Source: Tables1 and 3 in Ram, F. and Pathak. K B. (1989). op. cit.

Comparison of the values of Mg in Table| and Table 4 revealsthat age patterns of
marriage does not affect the mean age of mothers at the birth of the last child. A
similar comparison of the values of M; however suggest that the mean age of mothersa
the birth of the first child not only depends on the age patterns of childbearing but also
on the age patterns of marriage. The probability of ever becoming mother hasremainmore
or less same, even when no age patterns of marriage are considered. However, when
age patterns of marriage is not incorporated, the net fertility rate seemsto be
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overestimated and the effect of mortality is also not clearly visible. Thisis due to the
fact that in the formul ation of Ram and Pathak (1989), awoman's chance of dying after
childbirth is not considered. From the present comparison, we observed that themodfied
formulation proposad in this chepter can digdlay the demogrgphic charadteridics of women
more vividly and logically.

Conclusion

A modified stochastic model of family formation is proposed in this paper by
incorporated age patterns of marriage characterised by adisplaced lognormal distribution,
under some simplified assumptions. The utility of the proposed model liesin itsability to
explain the latent characteristics of reproductive process. Mgjor findings of the present
paper are;

(i) The mean age of mothers at the time of births of the first and the last offsprings
aesangtiveto age pattems of childbearing which is characterised by age gpedific
marital fertility rates,

(ii) The probahility of ever becoming mother in the lifetime of a girl depends
predominantly on mortality and not convincingly on age patterns of fertility. As
aconsequence the higher thelife expectancy, the higher isthe probability of ever
becoming mother in the lifetime of a girl,

(iii) The average number of children per mother is dominantly moulded by mortality
and level of fertility,

(iv) Thereismuch heterogenity in the average number of children bom in thelifetime
of mothers for populations with higher TMFR and lower life expectancy.
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