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An Analytical Model for Estimating the
Incidence of Secondary Sterility

STERILITY, the biological incapability of a woman to bear a live child, forms
an important part of the study of human fertility. A woman who does not
experience any pregnancy resulting in a live birth is called primarily sterile,
while the infecundity of a woman who did experience such a pregnancy is
termed secondary sterility. Knowledge about the proportion of sterile women by
age and parity helps the determination of the level of fertility of a population. This
parameter commands utility in the estimation of the eligibility of couples for
family planning programmes. However, to establish the sterility of a woman
is not easy. It would necessitate thorough medical check up. Symptoms of
sterility remain largely undetected and get eventually confounded with
menopause. This causes a serious deficiency in the data about the incidence of
secondary sterility, particularly in the developing countries.

In this context, the research workers have suggested indirect procedures to
approximate it. Parity progression ratios and the age at last live birth for a
woman of completed fertility have been used frequently in this connection. A
similar approach is to consider the open birth interval, the interval between the
age of the woman at the time of enquiry and her age at last live birth, for a
non-contracepting woman as an indicator of her sterility. The open birth
interval of a woman of completed fertility is the duration between her age at last
live birth and menopause. A long open birth interval in the case of a non-
contracepting woman would no doubt, raise a doubt about her fecundity, but
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this should not necessarily mean complete sterility. A sub-fecund woman May
take longer to experience a live birth than the period of observation or the
open birth interval. It seems, thus, useful to evolve some methodology where
such possibilities are taken into account. The present paper attempts an
analytical model, based on a simple probability theory, for estimating the inci-
dence of secondary sterility by utilising the information on parity and open
birth interval for a group of married women.

The Model

A woman may become sterile at any time in her reproductive span of life.
The incidence of sterility may depend on her age or parity or both. The exact
nature of this relationship is yet to be established. It is, however, true that a
woman runs an additional risk of becoming sterile at the time of termination of
a pregnancy. It has been assumed here, for the sake of simplicity, that the
incidence of secondary sterility is a function of a woman's parity only and it
can occur to a woman at the time of termination of a pregnancy. Then the
probability that she becomes sterile at any other time in her reproductive life
(excluding menopause) is zero. This may sound slightly illogical from the
biological point of view but makes little difference in the study of her fertility
behaviour.

No explicit assumption is made in the model to consider the effect of age on
the occurrence of sterility. This can largely be taken into account by apply-iny
the model to a group of women of a specific marriage cohort, as age and parity
are highly correlated for women of same marriage cohort. The model is based
on the following further assumptions :

(/) The fecundability, or the monthly chance of conception of a married
fecund woman of parity i is p; and g;=1—p.
(ii) The probability that a woman will be primarily sterile is %

(iii) The probability that a woman who is initially fecund will become
sterile soon after the #th birth is ***

(iv) All conceptions terminate in a live birth.

(v) The period of gestation preceding a live birth is equal to y months. (vi)
The period of post-partum amenorrhea (PPA) following a live birth is equal to
'm' months, and # = m + g + 1. (Generally, PPA is found
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to have larger variability among women than what is observed in the
case of gestation period. However, substituting a mean value for this in
the model is not likely to have any appreciable impact on the distribution
of parity and open birth interval. Its effect can be reduced by suitably
grouping the open birth intervals instead of considering them by single
months).

(vii)) A woman does not use any method of family planning during the
period for which she has been observed.

Given these assumptions an attempt is made to derive an expression for the
probability that a women having '/ months as her marital duration will expe
rience i bi*;~ ~~d have an open _,*" val of x months. Let the probability be
denoted by Pir © To determine” *" » it is essential to consider the occurrence
of the following two independent events :

A. the woman should remain fecund till she has given i births, and the z'-
th birth should occur at a distance of x months from the point of
observation, and

B. the woman may or may not remain fecund after the occurrence of the
i-th birth, but she should not have an additional birth within # months
so that her open interval of x months is maintained. In fact, this event
can be further classified into the following three mutually exclusive and
exhaustive cases :

(i) the woman becomes sterile after the Z-th birth,

(i) the woman is still fecund but could not have any further conception
due to lack of sufficient waiting time, and

(iii) the woman is fecund, had another conception and is in thej-th (;
=1,2,...,g— 1) month of pregnancy at the time of observation.

!
The event 4 becomes irrelevant for evaluating Pos and we are left to consider
the three mutually exclusive and exhaustive events as mentioned in B -

g
Pog = o+ (1 — &) g5+ (1 — o) jEI 77 P (1)
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For P“-‘” when”® <m, the consideration of the three events of B is not required
as the woman who is still in the post-partum nonsusceptible period following
the i-ih birth does not have any chance of a further conception. As the i-th
birth in this case should necessarily occur at the (# — x)-th month, or in
other words the Z-th conception should occur at the (# — x — g — 1)-th month,
the total number of susceptible months in which the woman does not conceive
aret-g-1-(G-1) h— x = T (say). These T months can be distributed
in different possible combinations before the i conceptions; consequently

i—2
Plo=(—ed(l —a)...(1 =) PP+ Pia {ol. + qg;?n 20%1 +
1‘.__-'

=2 i=2 i-2 =2 i=2

+ q?_'f p2 b In, Ins -+ qg:la & 2 p> Ay Qug ny +...+
=0 na=m =0 na=ny ng=~ny
i—2 i—2 i—2 _
+ g%, Z I . Gy ng e aph (2)
m=0 m=mn np=np_, . '
for any x 5 m.

However, if x > m the mutually exclusive events of B should be taken into

account for the evaluation of P, , and

P =Pt (—mam + 0~ £ amin
— P+ (1~ a) gt €
for mrlLxgr—g—1—GF—-1h
where F is the right-hand side of the expression given in Equation 2.

It can be easily seen that if we assume fecundability to be constant, that is,

substitute p, = p1 = . . . = Pmee = P, then Equations 1, 2 and 3 reduce to
Phy = ¢+ (1— 9 ¢*7, o
| T+(=-1)
Plo=(1—ea)(l —ap...(1—ap)p iCI g7, (5)
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for any ° x<m,
and

. T4-(—1) B
Plo=(0—-o)(l—a)...(1l =)p < (Tlog + (1 — ) =41},

o
for | x> m. (6)
It has been shown in Appendix 1 that

Z  t—g—i—(i—1)h

P :},i + % z P i‘ & = 19
.. I‘=I x=0 +
z_t—g-1
where h 1 is the maximum number (in integer) of birth that

can occur in  months.

Different marital durations for women of specific marriage cohort could be
considered in the model. If Mi denotes the probability that a woman (of a
specific marriage cohort) will have # months as her marital durations, then

Pia = Z M Pi,z
!

is the probability that the woman will give i births and will have an open birth
interval of x months irrespective of any specification as to her marital duration.
The distribution of open intervals are rarely given by single months in any
survey. The values of P, ,, 's, therefore, can be suitably modified to get the
probability that a randomly selected woman in a survey will be found to have
given i births with an open birth interval between, say, Xj-i to Xj months, and let
this probability be defined as P,,

X;
Py=3% M I P,

4 x=X,--1

wherej =1,2..., L will indicate the number of classes in which the open
birth intervals are subdivided.

The above model describes the variations in parity and open birth interval for
a group of non-contracepting woman. The model can be fruitfully employed
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to estimate number of fertility parameters of a population such as fecundabi-
lity by parity, primary sterility and secondary sterility by parity. This can be
accomplished if data are available regarding the distribution of women (who
did not use any family planning method during the period of observation)
according to their parity and open birth intervals and the period of non-
susceptibility associated with a live birth.

Estimation

The complicated nature of the model makes it unsuitable for estimating its
parameters by the usual maximum likelihood estimation procedure or by the
method of moments. BAN estimation procedure, developed by Neyman (1949),
can, however, be employed for the purpose. This procedure consists in mini-
mizing the quantity

Q= 2 I (Nye — NP, '/ Nia
i X

with respect to the parameters which are to be estimated. N is the observed

number of women who are in the i-th parity and have an open interval of x

months, and N = & 2 Ny As P{,’s are not linear, it is required that
2 X

they be linearized about any suitable pilot point, so that
- o - r ~
-P:at (6,9 ...9) = Pi‘a 0, 92...8) + 'El biwi (0 — 83 ;
Pt .

P46, 0, ...,8) = P, with 0,8, . . .8, as the r estimable parameters, and

dp; e -
bi“’___?éf/el:61992=92,---’ar=er9

where 8,, 8, . . . 8, are the pilot estimates of the respective parameters. The
estimates of 8,, 0, . . . 6, obtained by minimizing

0= I (Nie— NP, (0,0,...0,)0 N (7
F X

with respect to 8, 8, . . . 8, will also be BAN.estimates.
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The partial derivatives of %= with respect to different estimable
parameters are given in Appendix 2.

Application of the Model

The concept of open birth interval being of recent origin, the number 'of
surveys which collected data on this index are very few. It is all the more
difficult to find data regarding the distribution of women according to parity
and open interval. To illustrate the application of the model we have taken data
from the Greater Bombay Fertility Survey of the International Institute for
Population Studies which, collected in 1966 such information from individual
married woman in the sample (Rele and Kanitkar (1971) )*. To simplify the
procedure of estimation, the group of women who got married between the age 15
to 19 and had a marital duration of 10 years were considered. Altogether
there were only 148 such women who did not use any method of family
planning within the period of observation. As mentioned earlier, the
consideration of a specific marriage cohort would enable us to take into account the
effect of age on sterility to a great extent. This restriction results in a
considerable reduction in the available sample size. The sample size could
have been increased by including women of the same cohort having different
marital durations. However, as a simple illustration we have restricted our
study to the above group of 148 women.

As the intention of the paper is to emphasize the procedure of estimation of
secondary sterility by parity, some simplifying assumptions are made about
the other estimable parameters of the model. These are not the necessary
conditions for estimation of secondary sterility, but they have been incorporated in
this illustration for the sake of simplicity. The procedure of estimation in a more
general case has been described in Appendix 2.

It has been assumed here that the parameters m, g and «, are known.
Among these three parameters g is the least variable one, and it can be safely
assumed to have a value equal to 10 months (including the month of delivery).

*The author is grateful to Dr. J. R. Rele, Director, 1.1. P. S. and Mrs. T. Kanitkar,
Reader of the same Institute who kindly provided the data for the study.
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On the other hand, the variable m, which is influenced both by the health
conditions of a woman as well as her practice of breast feeding, has a larger
variability. In the absence of any information about it in the survey, we assume
it to be 11 months, following the study by Potter et al, (1965) showing a
mean = 10.8 months and variance = 46.09 for the distribution of PPA for a
‘group of Indian women. A comparison between the proportion of women
who did not give any live birth and P§; of Equation 4 for any reasonable
level of fecundability indicated a value of &, to be équal to .03. Tt has also
been assumed that the fecundability remains constant over parity. Since we
are considering a marital duration of 10 years this assumption is not expected
to have significant impact on the estimates of secondary sterility. On the
other hand, this not only helps us in simplifying the procedure of estimation
but alse allows us to have sufficient degrees of freedom for testing the good-
ness of fit.

With these simplifications the P{,’s given in Equations 4, 5 and 6 have
been utilized for estimating «; (i = 1, 2 and 3) and ¢. &, could not be esii-
mated as the marital duration considered here is not large enough to yield a
valid estimate for it. The pilot estimates of these parameters have been taken
arbitrarily as

q= .93, 4, = .06, ¢y = .10 and %3 = oy, = .14,

Selection of the pilot estimates in this manner does not, however, affect the
final estimates. This may, however, result in an increase in the number of
iterations required to achieve the final estimates, The values of the partial
derivatives of P}, with respect to the different parameters are obtained next.
The estimates can now be improved by solving the four equations derived by
minimizing the quantity @ (Equation 7) with respect to the four parameters,
Final BAN estimates have been obtained as

a, = 108014, «, = .285915, o = .201198 and g = .927378.

Observed and expected values of N’s calculated with the help of these esti-
mates have been shown in Table I below. A chi-square test of significance
was instituted to see the goodness of fit which yielded a value of ¥ = 11.30
at 7 degrees of freedom. This indicates that the fit is satisfactory, .
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TABLE 1—OBSERVED AND EXPECTED VALUES OF Nj, y, , TO x;, i, THE
NUMBER OF i-th PARITY WOMEN HAVING OPEN BIRTH INTERVAL
BETWEEN xs_y AND x,(¥; x,,, MEANS THE OPEN BIRTH
INTERVAL IS GREATER THAN OR EQUAL TO x,_y)

Nix, 4 10 x5 Observed Expected Ni, X;; o x; Observed Expected
N 5 4 N; 0to 23 20 23

Ny, 04 16 17 Ny, 24 to 47 18 21
Npotons 6 4 N, 48+ 7 4

Na, 241047 12 10 N, 0 to 23 24 27.
Na,agio7t 19 19 M, 24+ 6 4

Ny, 124 10 13 Ns,0+ 5 2

Total 148 148

*For these women the open birth interval is 120 months.

Conclusions

Despite some of the stringent assumptions incorporated in the model, a
reasonably good fit could be obtained for the observed distribution of parity
and open birth interval. It is desirable, for examining the goodness of fit, to
have a closer look at the observed data. Being a metropolitan city, the Greater
Bombay population consisted of a very heterogeneous group of women. Some
peculiarities have been observed in the fertility behaviour of the Zoroastrian
women which constituted a fairly large proportion of the sample (Rele and
Kanitkar (1974)). The sample size considered here is, therefore, hardly sufficient
for a study of this kind. Condensation of the data into fewer cells at some
parities was resorted to in order to improve the goodness of fit.

Some of the assumptions embodied in the model concerning the values of
certain parameters are unavoidable because of lack of pertinent information in
the survey. Eleven months of post partum non-susceptible months following a
live birth seems to be little more for an urban group of women. This has,
however, helped in compensating for the loss of non-susceptible period
associated with a fetal loss conception which was assumed to absent in the
model.

The model can be used for estimating various fertility parameters of a
population. By considering group of women of different marriage cohorts, one
can apply the model independently for each of the cohorts to obtain approxi-
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mate idea about the proportion of women becoming sterile by parity and age.
For example, let us consider a group of women all of whom got married at
the age 15. If p, and ™ are estimated for these women by the help of the
model, it would be possible to get an idea about the average at which the first
birth occurs. Therefore, *1 would not only indicate how many women become
sterile after /st birth but would also denote the age at which this occurs.
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APPENDIX 1

We proceed to prove here that

Z t—g—1—(i—1)h

Pl X b Po=1
A x=0 h
Let t=(Z—~-Dh+g+ 14+ N
Here N can take a value between 0 and A — 1. For the sake of simplicity
we remove the suffix ¢ and assume that ¢y = o, = .., =, = o and p, =
=P = Py =P

The proof given below, however, remains valid without these assumptions.
Now, '

N Z [Z+N_1 N pZ Z+g_2 N1 2 z-1 0 Z]
L Pzp=(—¢« C 4 - + ...+ C =
x=0 ¢ ) Z—1 o Z—1 1 F Z—1 1 P

Z+N—1 Z+N--2 Z—2 '
= (1 —«)? [-— C ¢"'+ C ¢"+...+ C q"]pz*'.
—2

Z—1 Z—2 z
(D
When i = Z — 1, % can take any value beiween O and & -+ N, Let
AN
2 Pzay= Pras + P;—l,a »
x=0

where

h-1
P‘Z-l,-’c = 20 Pzoyo = (1 — )21 pZ-1 X

X=

Z4h+N—Z Z+h4+N-3 Z4-N—1
X[ + E qh-{—N + + H(:; q.’s—i—N--l + .. _'+ +iC qN-i—t ]’

Z—2 Z=2 Z2
and

b+ N
P?Z—-Iﬂ = I Pz—lsa: =

x=h

Z4N-2 Z+g—3 ot Z—C-z 0] .
= a{l — ) z“[ C + e RN &
“ “ ? Z—2 1 Z—-2 1 Z-2 e
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ZAN-—-2 Z+N-3 Z-2
4+ (1 — w)? p? -1[ C 1 ZC2 ..+ C it =

Z=2
Z4AN-2 Z+4+N-3 -2
= a{l — ajz? pz—l[ C gv+ C gMf 14l 4 C 2 )+
Z=2 Z-2
Z4+N—1
+ (]_ — n)Z pz—l C qN+1
zZ—1
N
‘. Pzz_m + % Pz, =
Z4+N-=2 Z+-N—1 Z=2
=l —epfApz-y C ¢g¥+ C g¥14+...4+ C ¢ |+
Z—2 Z=2 Z=-2
Z+N=-2 Z+N-—3 Z-2
+ (A —a)Zp2l € ¢4 C g4t CQ°]=
Z-2 Z—2 Z-2
Z4+N=-2 Z+N=3 Z—2
=(l_m)Z-1pZ—1l: C qN+ C qN—l_{_‘_.__!_ ¢ qo]
Z--2 Z-2 Z
h—1 +N
z Pz, + Z' Pz—lw—'
x=0 x=0
Z+h4N=2 Z4h+-N—3 Z4N+1
= {1 — v.)z*l[ c g - ¢ Nt € gt
— Z-~2 -2
Z4+N=-2 Z—2
+C 4.+ C q"]pz“l
Z--2 Z—=2

adding in the similar way the value of Pz.,,, to the above equation it can be

shown that
N h+N 2h4+N
b Pz’:c + E szlw + X PZ—zm =
x=0 x=0
Z4-2h+N-3 Z4 20+ N—4
=(1— d_)z-z[ C gty C ¥l L} q“]pz‘s.
Z-3 Z-3

Proceeding in the similar way

Z t—g—1—(i—Dhk
> Z LEE
i=1 x=0
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(Z—Dh+N (Z—-—I)EI+N—1

= (1 — a)p[ (g q(Z—l)-’H—N + q{Z—l)k+.N—1 e qo ]=

0
=1 —-a)plgrt + g2+ ...+ 1]
adding to these the value of Py, we have

P+ EBP=c+ (1 —a){g+gtp+gip+...+ 1} =1
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APPENDIX 2

Estimation Procedure

The values of dPy,,/dg; and dP,,,/d; forj=0,1...Zcan be obtained as

follows :

#

[1 7% 3 — " -
-————an 0,if j>0

= (1 — U'tl)(t — g) q&ﬁg-l » irf == ﬂ:

P!
— =0,if >0

0y
=1 _qg_.,, yif j = 0;
when x < m
: {—2 i—2 -2
P T— T- r_
_aé—t__@‘ =4 [qi—ll + gﬁ—-.lz z qﬂl + qs—-ls z z gnl qﬂg + ..
% m =0 1y #]=0 53 5T~y
i—2 i—2 =2
+ 9, z z Z Gny Ing + ++ Gnp +
ny i =0 ng s je=py Hp_ Fi=hp_,
i~2 i—2 i—2
T T
+2<1,-(q‘_? + 4y Z oy -+ F 00, z z o
m #j=0 M y¢f=0ny #2j=m
i—2
T Z qﬁlqﬂz"‘g”7-2)+'”+(T_'1)‘7;“2 x
”T._2 ?fj=ﬂr_3 ' . !
=2 .
X (qm + 4y, z q,,l)+ Tg ! ] — 5 Hii—2,
' n#j=0 ’
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where 4 = (1 — o) (1 —a)) ... (I — &) pops...pi

t i—2 :
aPz'ea: — T . T8
T =M [Tq,-_l + (T~ 1)q RZO T
1=

i—2 i—2 i—2

+ z z C Z Gny Gng -+ + Inp.) ] ~— Fipey,

H1=0 Ha=FH1 f?r_l = ”T—g

L
aPi,a: ——— . ' s 1.
_&’—" = Fl(l Rj} for J <I I,
when x > m
aP:s¢

L %((aw(lmai) g ) i <io1

4

oF P, .

where —— = =% a5 obtained when x < m,
oqj 09; <

8Pie _

g, F ((l —e)(x—Hh+ 1) 9‘:’"")9

P; . L

aPi"il__ ( — m—h{—l)
2%, =F{1— ¢ .

Numerical values of these derivatives and Pf,, ’s can be obtained with the help
of the pilot estimates. Minimizing equations (Equation 7 of the text) can then
be utilized to calculate the final estimates, These equations are

o b F 20
SZI ® —38) Z 23% - _{__.._f}\_{.__.,.. -2 ;Liff_
for - K=1,2...,n

0,,0,.. .86, are the r parameters (g; and «; for j = 0, 1, . . . , Z) of the model
and 0,, 8,, . . . , 6, are the respective pilot estimates.
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