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Introduction 

IT has long been recognized that current demographic conditions are not well 
reflected by current crude rates of birth, death, and growth as they are influenced 
by the past history of fertility and mortality. In order to measure present rates 
free from the effects of the past, Lotka (1922) developed the stable population 
theory, showing that if a population maintained unchanging age-specific fertility 
and mortality rates for an indefinite period, it would eventually have constant 
rates—birth, death and growth rates, and a constant age structure. These constant 
rates, called intrinsic rates, are independent of the initial population and, 
therefore, reflect the current situation more faithfully than the corresponding 
current crude rates. 

A large body of literature has developed expressing dissatisfaction with the use 
of age-specific fertility and mortality rates as the basic parameters in the Lotka 
model. Wicksell (1931) used age-marital status specific fertility rates to derive a 
nuptially controlled net reproduction rate. Arguing that a woman's past fertility 
behavior is an indicator of her future behavior, Quensel (1939) proposed 
extension of the specification of fertility by age and parity. Whelp- 
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ton (1946) used the age-parity model to obtain adjusted rates for the United 
States. Hyrenius (1948) extended Wicksell's analysis of the nuptiality table to 
take account of the dissolution of marriages. Bourgeois-Pichat (1948) used 
the fertility rates specific for age, marital status, and age at marriage to find 
three parameters that effectively summarize them. Murphy (1966) devised 
ingenious projection methods for computing intrinsic rates from the age-parity 
and the age-parity-nuptiality specific stable population models. Recently, 
Oechsli (1975) has studied the same models using the multiple decrement life 
table technique. 

The literature, however, is still scanty in providing a mathematical formulation 
to the generalization of Lotka's model from the points of view of the so-called 
integral equation approach and the projection approach. This paper, therefore, 
attempts to bridge this gap by systematically developing the age-parity specific 
model. 

1.   Review of Lotka's Model 

Integral Equation Approach 

Let p(a) be the probability that a newborn girl child will survive to age a, 
and m(a)da the probability that a woman aged a will have a girl child born in 
the age interval (a, a+da). Assuming constant fertility and mortality conditions, 
the number of female births B(ri) at time t can be expressed as 

 

where K's are constants independent of t but dependent on the parameters of 
the model and on the initial population at t =0, rt is the only real root, and rz, 
rs, . . . are the infinite number of complex roots of the integral equation 
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Projection Approach 

Using the same notations as in the projection approach for the Lotka model, 
we obtain the populations at time t + 5 in the age groups from 5-100 by 
(2.10). The crucial step, therefore, is to find the number of female births 
B(t, t + 5) in the period (t, t + 5). 
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Once B(t, t + 5) is obtained, P(0, 5, t + 5) and the trajectories of r and b can 
be found by expressions analogous to (2.12)-(2.14). As in the case of age model, 
we expect that the formulas for integral equation and projection approaches 
in the age-parity model will also give virtually identical intrinsic rates. 

It should be noted that the formulas (3.5) to (3.11) are appropriate only 
when data are available in five-year age groups. The same expressions, however, 
can be used for any other age grouping of width W by substituting W and 
W/2 for 5 and 2.5 respectively. 

We have used our expressions to obtain the results from the age and age-
parity models for the U.S. female population, 1970. The observed growth and 
birth rates per 1,000 women are 9.31 and 17.36 in 1970. Both integral 
equation and projection approaches in the age model give the intrinsic growth 
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and birth rates (per 1,000 women), and the gross and net reproduction rates 
(per woman) as 5.74, 16.63, 1.20, and 1.16 respectively. The same rates in the 
age-parity model turn out to be 6.01, 16.80, 1.21, and 1.17 respectively by both 
approaches. 

Table 1 gives the trajectories of growth rate, birth rate, and the female popu-
lations in the period 1970-2200, as obtained by the two models by projecting the 
U.S. female population with constant fertility and mortality rates as of 

TABLE I—PROJECTION OF U.S. FEMALE POPULATION, 1970-2200, WITH 
FERTILITY AND MORTALITY PARTS OF 1970 

Age Model Age-Parity Model 
Average Annual Rates 
per 1,000 Women 
 

Female Population 
at Time t + 5 
(millions) 

Average Annual Rates 
per 1,000 Women 
 

Female Population 
at Time t + 5 
(millions) 

Period  
(t, t + 5) 
 

Growth Birth  Growth Birth  
1970 9.31 17.36 105 9.31 17.36 105 

1970-75 9.97 18.04 110 10.05 18.11 110 
1975-80 10.16 19.05 116 10.43 19.32 116 
1980-85 9.83 18.98 122 10.01 19.14 122 
1985-90 8.61 17.97 127 8.70 18.03 127 
1990-95 7.61 17.10 132 7.71 17.17 132 
1995-00 7.38 17.p3 137 7.55 17.16 137 
2000-05 7.60 17.30 142 7.84 17.50 143 
2005-10 7.65 17.34 148 7.89 17.53 149 
2010-15 7.30 17.06 153 7.50 17.20 154 
2015-20 6.94 16.74 158 7.14 16.86 160 
2020-25 6.77 16.61 164 6.99 16.76 166 
2025-30 6.50 16.63 169 6.76 16.81 171 
2030-35 6.11 16.67 175 6.39 16.85 177 
2035-40 5.61 16.65 180 5.88 16.81 182 
2040-45 5.51 16.60 185 5.78 16.75 187 
2045-50 5.45 16.60 190 5.72 16.75 193 
2070-75 5.61 16.63 219 5.87 16.78 224 
2095-00 5.70 16.62 253 5.96 16.79 261 
2120-25 5.73 16.63 292 5.99 16.79 303 
2145-50 5.74 16.63 337 6.00 16.80 352 
2170-75 5.74 16.63 389 6.01 16.80 409 
2195-00 5.74 16.63 449 6.01 16.80 475 

5.74 16.63 6.01 16.80 
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1970.   As expected, the growth and birth rates eventually converge to theft 
respective intrinsic rates in both age and age-parity models. 
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