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Abstract 

Outlier detection is crucial for maintaining the reliability of 

statistical analyses, especially while dealing with extreme value 

distributions like the Fréchet distribution. Almost all the outlier 

tests available are designed under normality assumptions which 

often fail when applied to heavy-tailed data and consequently, 

leading to misclassification of catastrophic events as normal 

variability. This study proposes novel test statistic for detecting 

outliers in a sample from Fréchet distribution, with the objective 

of providing a robust method designed for rare and extreme 

events. To justify its performance, simulation-based case-studies 

are considered as numerical examples. The focus is on direct 

application to the health sector, where catastrophic out-of-pocket 

expenditures can disproportionately affect vulnerable households.  

Simulation was performed to confirm that the proposed statistic 

consistently outperforms traditional outlier detection techniques 

in terms of sensitivity and specificity across varying sample sizes 

and shape parameters. It was observed that the proposed test 

statistic has successfully identified the outliers with high 

performance probability values, particularly when detecting 

catastrophic out-of-pocket spending that can push households into 

poverty. 

Thus, the study shows that the proposed Fréchet-based test 

statistic is an effective tool for detecting outliers in heavy-tailed 

health data. Applied to out-of-pocket expenditure and insurance 

gaps, it accurately distinguishes catastrophic health expenditures 

from normal variations. The method also has wider applications 

in environmental risk, reliability, and financial modeling. 
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Introduction 

The Fréchet distribution, introduced by 

Maurice Fréchet, serves as a foundational 

model in the analysis of extreme events due 

to its heavy-tailed nature and versatility. It is 

extensively employed across various fields 

such as material strength analysis, 

environmental sciences, finance, and 

hydrology to capture phenomena 

characterized by rare, extreme occurrences, 

such as earthquakes, wind speeds, rainfall, 

and financial market fluctuations. The 

Fréchet distribution, also known as the 

Type-II Extreme Value Distribution, is a 

special case of the Generalized Extreme 

Value (GEV) distribution and is 

mathematically equivalent to the reciprocal 

of the Weibull distribution. 

The heavy-tailed nature of the Fréchet 

distribution allows it to effectively model 

extreme values that deviate significantly 

from the central tendency. However, these 

same properties pose considerable 

challenges in the context of outlier detection. 

Traditional outlier detection techniques, 

typically developed for simpler distributions 

such as the Gumbel or Normal distributions, 

often perform inadequately when applied to 

the Fréchet distribution due to its inherent 

skewness and long tails. This necessitates the 

development of specialized statistical 

methods that can accurately identify outliers 

in such complex distributions. 

In this study, we present novel statistical 

methods specifically designed for detecting 

outliers in samples drawn from heavy-tailed 

Fréchet distributions. Our approach focuses 

on scenarios where the location, scale, and 

shape parameters of the distribution are 

known. We introduce specialized test 

statistics that extend conventional methods 

and leverage simulation-based techniques to 

derive critical values, ensuring accurate 

outlier detection. These methods are 

evaluated under various parameter settings 

and significance levels, addressing cases 

where observations fall either above or 

below the location parameter. 

Furthermore, the proposed methodologies 

include test statistics for detecting a pair of 

outlying observations, offering a 

comprehensive framework for handling 

complex data scenarios. Through extensive 

performance evaluations, our research 

demonstrates the effectiveness of these novel 

methods, particularly in scenarios involving 

large sample sizes and varying shape 

parameters. By comparing our proposed 

methods against existing techniques, this 

study aims to enhance the reliability of 

outlier detection in extreme value contexts. 

This research not only advances theoretical 

knowledge but also provides practical tools 

for practitioners working with extreme value 

distributions. The proposed methodologies 

offer improved sensitivity and specificity in 

identifying outliers, making them highly 

effective for real-world applications such as 

environmental risk assessment, structural 

reliability analysis, and financial modelling. 

In doing so, this paper contributes to the 

development of robust statistical 

frameworks for outlier detection in heavy-

tailed distributions, ensuring more accurate 

anomaly detection in data samples 

characterized by rare and extreme events. 

Let X1, X2… Xn be independent random 

sample from a Fréchet distribution with 

location, scale, and shape parameters as 𝜇, 

𝜎 and 𝛾 respectively. In this paper, the case 

when all the three parameters were known 
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values, are considered. The pdf and cdf of the 

Fréchet   distribution are given as: 

Case-I:  When the observations are larger 

than the location parameter 𝜇, i.e. ∀ 𝑥𝑖 >

𝜇; 𝑖 = 1, … , 𝑛 then the pdf is given by 

𝑓(𝑥𝑖; 𝜇, 𝜎, 𝛾) =
𝛾

𝜎
(

𝑥𝑖−𝜇

𝜎
)

−𝛾−1

𝑒−(
𝑥𝑖−𝜇

𝜎
)

−𝛾

      ∀ 𝑖 =

1, … , 𝑛  

and the cdf,

  

𝐹(𝑥𝑖) = 𝑒−(
𝑥𝑖−𝜇

𝜎
)

−𝛾

      ∀𝑖 = 1, … , 𝑛; 𝜇 < 𝑥𝑖 < ∞ 

−∞ ≤ 𝜇 ≤  ∞ and 𝜎 >  0 and −∞ ≤ 𝛾 ≤  ∞. 

Figure 1.1 pdf plot of a Fréchet Distribution parameters as 𝜇, 𝜎 and 𝛾 for case I. 

Case-II: When the observations are smaller 

than the location parameter 𝜇, i.e. ∀ 𝑥𝑖 <

𝜇; 𝑖 = 1, … , 𝑛 then the pdf is given by 

𝑓(𝑥𝑖; 𝜇, 𝜎, 𝛾) =

𝛾

𝜎
(

𝜇−𝑥𝑖

𝜎
)

−𝛾−1
𝑒

−(
𝜇−𝑥𝑖

𝜎
)

−𝛾

      ∀ 𝑖 = 1, … , 𝑛  

and the cdf,

  

𝐹(𝑥𝑖) = 1 − 𝑒
−(

𝜇−𝑥𝑖
𝜎

)
−𝛾

∀𝑖 = 1, … , 𝑛 ; −∞ <

𝑥𝑖 < 𝜇, −∞ ≤ 𝜇 ≤  ∞, 𝜎 >  0 and −∞ ≤ 𝛾 ≤

 ∞. 

 

Figure 1.2 pdf plot of a Fréchet Distribution parameters as 𝜇, 𝜎 and 𝛾 for case II. 
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For detection of outliers, it is intended to use 

the same test statistics that were used in the 

case of a Gumbel distribution as those were 

performing well for that distribution. The 

null hypothesis H0 states that there is no 

outlying observation in the sample against 

the slippage alternative H̅. 

Table 1 The critical values of 𝑍1 for case-I at different levels of significance

Table 2 The critical values of Z_1 for case-II at different levels of significance 

𝑧𝛼 

n parameter 𝛼 =1% 𝛼 =5% 𝛼 =10% n parameter 𝛼=1% 𝛼 =5% 𝛼=10% 

3 
𝛾=2, 𝜎=1 2.6185 1.5457 1.1267 

9 
𝛾=2, 𝜎=1 0.5711 0.3934 0.3185 

𝛾=3, 𝜎=1 1.4938 0.8925 0.6790 𝛾=3, 𝜎=1 0.4338 0.2953 0.2554 
𝛾=3, 𝜎=3 1.4190 0.8587 0.6746 𝛾=3, 𝜎=3 0.4175 0.2875 0.2434 

4 
𝛾=2, 𝜎=1 1.5025 0.8914 1.1267 

10 
𝛾=2, 𝜎=1 0.5021 0.3681 0.2950 

𝛾=3, 𝜎=1 1.0888 0.5890 0.4823 𝛾=3, 𝜎=1 0.4022 0.2852 0.2318 
𝛾=3, 𝜎=3 0.9504 0.6441 0.4476 𝛾=3, 𝜎=3 0.4031 0.2813 0.2261 

5 
𝛾=2, 𝜎=1 1.1169 0.7408 0.5556 

15 
𝛾=2, 𝜎=1 0.4077 0.2996 0.2371 

𝛾=3, 𝜎=1 0.6946 0.4946 0.3833 𝛾=3, 𝜎=1 0.3276 0.2215 0.1891 
𝛾=3, 𝜎=3 0.8255 0.4902 0.3970 𝛾=3, 𝜎=3 0.3031 0.2178 0.1831 

6 
𝛾=2, 𝜎=1 0.9595 0.5443 0.4318 

20 
𝛾=2, 𝜎=1 0.3345 0.2357 0.1972 

𝛾=3, 𝜎=1 0.5820 0.4004 0.3198 𝛾=3, 𝜎=1 0.2863 0.2001 0.1547 
𝛾=3, 𝜎=3 0.5268 0.3843 0.3125 𝛾=3, 𝜎=3 0.2622 0.1921 0.1525 

7 
𝛾=2, 𝜎=1 0.8426 0.5783 0.4475 

30 
𝛾=2, 𝜎=1 0.2646 0.1961 0.1673 

𝛾=3, 𝜎=1 0.5349 0.3528 0.2851 𝛾=3, 𝜎=1 0.2280 0.1641 0.1351 
𝛾=3, 𝜎=3 0.4669 0.3308 0.2668 𝛾=3, 𝜎=3 0.2178 0.1567 0.1297 

8 
𝛾=2, 𝜎=1 0.7206 0.4561 0.3589 

50 
𝛾=2, 𝜎=1 0.2166 0.1645 0.1284 

𝛾=3, 𝜎=1 0.5121 0.3506 0.2783 𝛾=3, 𝜎=1 0.1830 0.1353 0.1137 
𝛾=3, 𝜎=3 0.4511 0.3175 0.2501 𝛾=3, 𝜎=3 0.1739 0.1326 0.1084 

 

 

 

𝑧𝛼 

n parameter 𝛼 =1% 𝛼 =5% 𝛼 =10% n parameter 𝛼 =1% 𝛼 =5% 𝛼 =10% 

3 
𝛾=2, 𝜎=1 15.4776 6.6318 4.0376 

9 
𝛾=2, 𝜎=1 24.1824 9.9671 6.2530 

𝛾=3, 𝜎=1 4.7706 2.5083 1.5320 𝛾=3, 𝜎=1 10.7542 3.4517 2.2331 
𝛾=3, 𝜎=3 4.3936 2.3562 1.6038 𝛾=3, 𝜎=3 7.2785 3.3009 2.3115 

4 
𝛾=2, 𝜎=1 16.7285 6.3546 3.7988 

10 
𝛾=2, 𝜎=1 24.8388 10.4762 6.4631 

𝛾=3, 𝜎=1 5.0719 2.8460 1.8903 𝛾=3, 𝜎=1 10.8326 4.0733 2.4560 
𝛾=3, 𝜎=3 5.4257 2.4248 1.7556 𝛾=3, 𝜎=3 9.4677 3.8979 2.4324 

5 
𝛾=2, 𝜎=1 17.6123 6.6446 4.4333 

15 
𝛾=2, 𝜎=1 33.2616 13.5988 8.0435 

𝛾=3, 𝜎=1 6.0838 2.9509 1.9311 𝛾=3, 𝜎=1 10.8694 4.5199 2.8411 
𝛾=3, 𝜎=3 5.6157 2.7552 1.7531 𝛾=3, 𝜎=3 10.3142 3.9313 2.5161 

6 
𝛾=2, 𝜎=1 17.8005 8.0485 5.2014 

20 
𝛾=2, 𝜎=1 36.4863 13.8010 8.8565 

𝛾=3, 𝜎=1 6.3715 3.1736 2.0886 𝛾=3, 𝜎=1 12.3637 4.5522 2.9228 
𝛾=3, 𝜎=3 6.9663 3.3456 2.1715 𝛾=3, 𝜎=3 10.7553 4.8122 3.0461 

7 
𝛾=2, 𝜎=1 22.7019 8.1005 5.1411 

30 
𝛾=2, 𝜎=1 50.3343 19.2784 11.2108 

𝛾=3, 𝜎=1 7.7942 3.2403 2.1302 𝛾=3, 𝜎=1 10.5600 4.6845 3.2693 
𝛾=3, 𝜎=3 7.0640 3.1837 2.0978 𝛾=3, 𝜎=3 10.4439 4.6694 3.1844 

8 
𝛾=2, 𝜎=1 23.8517 8.4668 5.9200 

50 
𝛾=2, 𝜎=1 51.0949 21.6439 12.0625 

𝛾=3, 𝜎=1 9.3726 3.3263 2.1416 𝛾=3, 𝜎=1 13.2057 5.2301 3.5514 
𝛾=3, 𝜎=3 7.1837 3.1973 2.2515 𝛾=3, 𝜎=3 11.5825 5.5595 3.5112 
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Test Statistic for detection of an upper 

outlier and its critical values 

The test statistic 𝑍1 =
𝑋(𝑛)−𝑋(𝑛−1)

𝜎
 is proposed 

to detect an upper outlying observation. This 

test statistic will reject the null hypothesis for 

large values of 𝑍1. Thus an 𝛼 - level critical 

region will be given as 𝑍1 >  𝑧𝛼, where 𝑧𝛼 can 

be obtained from 𝑃(𝑍1 ≥ 𝑧𝛼) = 𝛼. As the 

theoretical distribution is extremely difficult 

to derive in this case, the critical values of the 

test statistic were obtained by using 

simulation technique with 10,000 

replications.     

Also, as it was observed in the Gumbel 

distribution that any variation in location 

parameter does not contribute any change in 

the value of test statistic, thus the location 

parameter was fixed at origin for further 

studies. The critical values of the test statistic 

𝑍1when all observations were following 

case-I are tabulated in Table 1. and when all 

observations were from case-II are tabulated 

in Table 2 for n = 3(1)10, 15, 20, 30, 50 at 1%, 

5% and 10% significance levels respectively.

Table 3 The critical values of 𝑍2 for case-I at different levels of significance 
 

𝑧𝛼 

n parameter 𝛼 =1% 𝛼 =5% 𝛼 =10% n parameter 𝛼 =1% 𝛼 =5% 𝛼 =10% 

3 

𝛾=2, 𝜎=1 2.8654 1.6319 1.1023 

9 

𝛾=2, 𝜎=1 0.5959 0.4161 0.3316 

𝛾=3, 𝜎=1 1.3853 0.8407 0.6609 𝛾=3, 𝜎=1 0.3751 0.2798 0.2281 

𝛾=3, 𝜎=3 1.6084 0.9486 0.7370 𝛾=3, 𝜎=3 0.4270 0.3029 0.2403 

4 

𝛾=2, 𝜎=1 1.5742 0.9475 0.7261 

10 

𝛾=2, 𝜎=1 0.5090 0.3742 0.2957 

𝛾=3, 𝜎=1 0.8915 0.5699 0.4563 𝛾=3, 𝜎=1 0.3653 0.2639 0.2146 

𝛾=3, 𝜎=3 0.6473 0.4579 0.3557 𝛾=3, 𝜎=3 0.3938 0.2767 0.2274 

5 

𝛾=2, 𝜎=1 1.2046 0.6930 0.5605 

15 

𝛾=2, 𝜎=1 0.3942 0.2806 0.2264 

𝛾=3, 𝜎=1 0.6799 0.4400 0.3565 𝛾=3, 𝜎=1 0.2907 0.2091 0.1725 

𝛾=3, 𝜎=3 0.6473 0.4579 0.3557 𝛾=3, 𝜎=3 0.2951 0.2190 0.1876 

6 

𝛾=2, 𝜎=1 0.8667 0.5871 0.4420 

20 

𝛾=2, 𝜎=1 0.2874 0.2229 0.1901 

𝛾=3, 𝜎=1 0.6049 0.3947 0.3177 𝛾=3, 𝜎=1 0.2463 0.1833 0.1536 

𝛾=3, 𝜎=3 0.5733 0.3824 0.3241 𝛾=3, 𝜎=3 0.2494 0.1752 0.1479 

7 

𝛾=2, 𝜎=1 0.7252 0.4914 0.3912 

30 

𝛾=2, 𝜎=1 0.2733 0.1994 0.1630 

𝛾=3, 𝜎=1 0.4871 0.3771 0.3013 𝛾=3, 𝜎=1 0.2220 0.1660 0.1305 

𝛾=3, 𝜎=3 0.4751 0.3448 0.2705 𝛾=3, 𝜎=3 0.2048 0.1637 0.1298 

8 

𝛾=2, 𝜎=1 0.6036 0.4242 0.3449 

50 

𝛾=2, 𝜎=1 0.2390 0.1596 0.1261 

𝛾=3, 𝜎=1 0.4676 0.3219 0.2584 𝛾=3, 𝜎=1 0.1754 0.1352 0.1128 

𝛾=3, 𝜎=3 0.4435 0.2971 0.2404 𝛾=3, 𝜎=3 0.1742 0.1346 0.1116 

Test Statistic for detection of a lower 

outlier and its critical values  

 

Here the test statistic for detection of a 

lower outlier is 𝑍2 =
𝑋(2)−𝑋(1)

𝜎
. The test 

statistic will reject the null hypothesis for 

large values of 𝑍2. Thus an 𝛼 - level critical 

region will be given as 𝑍2 >  𝑧𝛼, where 𝑧𝛼 

can be obtained from 𝑃(𝑍2 ≥ 𝑧𝛼) = 𝛼. 

The critical values 𝑧𝛼  of the test statistic 

were obtained by simulation technique, 

using 10,000 replicates. The critical values 

of the test statistic 𝑍2 when all observations 

were following case-I are tabulated in 

Table 3 and when all observations were 

from case-II are tabulated in Table 4 for n = 

3(1)10, 15, 20, 30, 50 at 1%, 5% and 10% 

significance levels.
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Table 4 The critical values of 𝑍2 for case-II at different levels of significance 

𝑧𝛼 

n parameter 𝛼 =1% 𝛼 =5% 𝛼 =10% n parameter 𝛼 =1% 𝛼 =5% 𝛼=10% 

3 𝛾=2, 𝜎=1 13.5159 6.2983 3.5202 9 𝛾=2, 𝜎=1 24.2958 10.1194 5.9986 

𝛾=3, 𝜎=1 5.17626 2.3484 1.6248 𝛾=3, 𝜎=1 8.2673 3.3684 2.2962 

𝛾=3, 𝜎=3 5.5389 2.6937 1.7818 𝛾=3, 𝜎=3 7.9053 3.1598 2.1180 

4 𝛾=2, 𝜎=1 14.1373 6.8015 3.7451 10 𝛾=2, 𝜎=1 25.5997 11.1832 6.7146 

𝛾=3, 𝜎=1 6.1498 2.8018 1.8282 𝛾=3, 𝜎=1 8.9193 3.4402 2.3244 

𝛾=3, 𝜎=3 5.7190 2.7762 1.7711 𝛾=3, 𝜎=3 7.9991 3.7851 2.5927 

5 𝛾=2, 𝜎=1 15.5999 6.7446 4.0999 15 𝛾=2, 𝜎=1 34.8448 12.3679 7.1097 

𝛾=3, 𝜎=1 6.3188 2.9382 1.8714 𝛾=3, 𝜎=1 12.3035 4.6793 2.9377 

𝛾=3, 𝜎=3 7.1713 2.0483 1.9349 𝛾=3, 𝜎=3 8.021635 3.5795 2.6207 

6 𝛾=2, 𝜎=1 17.9614 7.8708 5.1042 20 𝛾=2, 𝜎=1 42.0892 14.7001 8.4891 

𝛾=3, 𝜎=1 6.4323 2.9910 1.8828 𝛾=3, 𝜎=1 8.8448 4.3435 2.8346 

𝛾=3, 𝜎=3 7.4665 2.9021 2.0175 𝛾=3, 𝜎=3 11.8063 4.4952 2.8379 

7 𝛾=2, 𝜎=1 19.4264 7.4432 5.3791 30 𝛾=2, 𝜎=1 45.7111 17.307 11.4793 

𝛾=3, 𝜎=1 6.5682 2.8948 1.8447 𝛾=3, 𝜎=1 11.9317 4.2912 2.8122 

𝛾=3, 𝜎=3 7.3804 3.3595 2.1760 𝛾=3, 𝜎=3 14.2127 4.8322 3.2009 

8 𝛾=2, 𝜎=1 23.1491 9.4487 6.0048 50 𝛾=2, 𝜎=1 51.2410 17.473 12.3862 

𝛾=3, 𝜎=1 7.3339 3.2859 2.2183 𝛾=3, 𝜎=1 14.8155 6.1106 3.8528 

𝛾=3, 𝜎=3 6.5023 3.1258 2.2290 𝛾=3, 𝜎=3 10.9084 5.8059 3.8234 

Table 5 The critical values of 𝑍3 for case-I at different levels of significance 

𝑧𝛼 

n parameter 𝛼 =1% 𝛼 =5% 𝛼 =10% n parameter 𝛼 =1% 𝛼 =5% 𝛼=10% 

3 

𝛾=2, 𝜎=1 16.84433 6.9610 4.7376 

9 

𝛾=2, 𝜎=1 32.5686 13.7206 9.2168 

𝛾=3, 𝜎=1 6.2745 2.6751 2.0750 𝛾=3, 𝜎=1 9.4129 4.8841 3.8997 

𝛾=3, 𝜎=3 5.4219 2.7598 2.0728 𝛾=3, 𝜎=3 7.8343 5.0752 3.6819 

4 
𝛾=2, 𝜎=1 20.4554 7.3075 5.2082 

10 
𝛾=2, 𝜎=1 33.5519 14.9868 9.3554 

𝛾=3, 𝜎=1 8.2903 3.9845 2.7072 𝛾=3, 𝜎=1 11.9949 5.1524 3.7222 
𝛾=3, 𝜎=3 7.3594 3.4582 2.5237 𝛾=3, 𝜎=3 9.0661 4.7676 3.7542 

5 
𝛾=2, 𝜎=1 18.8486 8.5247 5.9551 

15 
𝛾=2, 𝜎=1 38.0724 16.6855 11.2998 

𝛾=3, 𝜎=1 8.0123 4.0218 2.6683 𝛾=3, 𝜎=1 11.1298 6.2175 4.6699 
𝛾=3, 𝜎=3 6.1661 3.8276 2.8571 𝛾=3, 𝜎=3 10.3875 5.9791 4.3487 

6 

𝛾=2, 𝜎=1 26.2349 10.4777 6.8689 

20 

𝛾=2, 𝜎=1 40.8620 19.2436 13.7423 
𝛾=3, 𝜎=1 7.00572 4.0514 3.0778 𝛾=3, 𝜎=1 10.3648 6.8766 5.1855 

𝛾=3, 𝜎=3 6.0012 3.8304 2.9118 𝛾=3, 𝜎=3 11.6171 7.0048 5.1710 

7 
𝛾=2, 𝜎=1 24.2198 11.7112 7.5956 

30 
𝛾=2, 𝜎=1 63.8794 23.4375 16.4972 

𝛾=3, 𝜎=1 6.3796 4.0382 3.1453 𝛾=3, 𝜎=1 13.6450 7.7669 5.9458 
𝛾=3, 𝜎=3 7.0035 4.1566 3.2187 𝛾=3, 𝜎=3 4.4899 2.5260 1.9326 

8 
𝛾=2, 𝜎=1 28.4162 12.3560 8.4114 

50 
𝛾=2, 𝜎=1 69.0652 30.469 21.3897 

𝛾=3, 𝜎=1 10.0691 4.7105 3.5710 𝛾=3, 𝜎=1 16.4005 9.3124 7.1555 
𝛾=3, 𝜎=3 7.3391 4.3277 3.2359 𝛾=3, 𝜎=3 5.6726 3.14940 2.3954 
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Test Statistic for detection of a pair of 

outliers and its critical values 

The test statistic 𝑍3 =
𝑋(𝑛)−𝑋(1)

𝜎
 suggested by 

Lalitha and Tripathi (2018) for a Gumbel 

distribution when the scale parameter was 

known and later, they have also discussed 

the case of unknown scale parameter 

(Tripathi and Lalitha (2023)), is again 

proposed here for a Fréchet   distribution to 

detect a pair of outlying observations. This 

test statistic rejects the null hypothesis for 

large values of 𝑍3. Thus an 𝛼 - level critical 

region will be given as 𝑍3 >  𝑧𝛼, where 𝑧𝛼 

can be obtained from 𝑃(𝑍3 ≥ 𝑧𝛼) = 𝛼. 

The critical values of the test statistic 

𝑍3 were obtained by simulation technique 

using 10,000 replications. The critical values 

of the test statistic 𝑍3 when all observations 

were following case-I, are tabulated in Table 

5 and when all observations were from case-

II, are tabulated in Table 6 for n = 3(1)10, 15, 

20, 30,50 for 1%, 5% and 10% significance 

levels.  

Table 6 The critical values of 𝑍3 for case-II at different levels of significance 

zα 

n parameter α =1% α =5% α =10% n parameter α =1% α =5% α=10% 

3 
γ=2, σ=1 17.0185 6.7069 4.4129 

9 
γ=2, σ=1 35.9588 12.0631 9.4877 

γ=3, σ=1 5.9112 2.9264 2.2468 γ=3, σ=1 9.0953 4.3852 3.3230 
γ=3, σ=3 4.7294 2.9474 2.1193 γ=3, σ=3 8.8573 4.6087 3.6549 

4 
γ=2, σ=1 18.8855 8.9894 6.3574 

10 
γ=2, σ=1 36.7346 12.4632 9.4707 

γ=3, σ=1 6.5416 3.6628 2.3212 γ=3, σ=1 10.9706 5.1059 3.8078 
γ=3, σ=3 5.8502 3.3925 2.4238 γ=3, σ=3 9.3747 5.1335 3.8778 

5 
γ=2, σ=1 20.3022 8.3271 6.2302 

15 
γ=2, σ=1 46.8511 17.3191 11.561 

γ=3, σ=1 7.8099 3.9410 2.9454 γ=3, σ=1 12.7798 5.9769 4.4432 
γ=3, σ=3 6.2236 3.4537 2.6309 γ=3, σ=3 10.1761 5.4249 4.3914 

6 
γ=2, σ=1 23.1308 9.6850 6.8748 

20 
γ=2, σ=1 47.3539 20.9753 13.002 

γ=3, σ=1 9.6512 3.9570 3.0241 γ=3, σ=1 12.9982 6.3788 4.9086 
γ=3, σ=3 7.2458 4.0199 3.0352 γ=3, σ=3 11.5634 6.5301 4.8906 

7 
γ=2, σ=1 23.6024 11.3956 7.5378 

30 
γ=2, σ=1 163.0714 68.0963 45.1595 

γ=3, σ=1 8.8325 4.4945 3.3924 γ=3, σ=1 41.3899 23.5699 18.5670 
γ=3, σ=3 7.4455 3.8527 3.0806 γ=3, σ=3 15.2894 7.5559 6.0987 

8 
γ=2, σ=1 26.4221 11.8095 8.0512 

50 
γ=2, σ=1 253.9464 97.955 63.8534 

γ=3, σ=1 8.9611 4.7140 3.6766 γ=3, σ=1 59.4235 26.650 21.1167 
γ=3, σ=3 8.5789 4.7502 3.7299 γ=3, σ=3 15.1603 9.3381 7.0918 

 

Detection of outliers when the 

observations of a sample are on either side 

of the      location parameter 

 

In this case it was assumed that some of the 

observations were below and some were 

above the location parameter. In such 

situations, the detection of an upper and/or 

a lower outlying observation can be applied 

with suitable modification. 

  

Let 𝑋1, … , 𝑋𝑛  be a random sample from a 

Fréchet   distribution with location 

parameter µ, scale parameter 𝜎 and shape 

parameter 𝛾, in which, say m observations, 

𝑋1, … , 𝑋𝑚 were less than the location 

parameter µ and rest of the (𝑛 − 𝑚) 

observations 𝑋𝑚+1, … , 𝑋𝑛 of the sample are 

greater than µ. It is known that both the 

largest and the smallest observation cannot 

be tested for outlying simultaneously. Then 

considering the m observations lying below 

the location parameter, a test statistic can be 
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defined for detecting the smallest 

observation by considering mth largest 

observation as 𝑋(𝑛), i.e. 𝑍 =
𝑋(𝑚)−𝑋(1)

𝜎
, 𝑚 =

2, ⋯ , 𝑛 − 1.   

Here, even though this statistic was 

suggested for detection of the 

pair (𝑋(𝑚), 𝑋(1)), but noting that the 

observation corresponding to 𝑋(𝑚) would be 

lying closest to the location parameter, this 

observation cannot be declared as an 

outlying one when the test statistic falls in 

the critical region. Thus, in the event of 

rejection of the null hypothesis, only the 

smallest observation i.e. 𝑋(1) should be 

considered as outlying. In this case, the 

critical values given in case II of section 4 

should be used for testing the null 

hypothesis with a sample size as m. For the 

rest, (𝑛 − 𝑚) observations above the location 

parameter, a test statistic can be defined for 

detecting the largest observation by 

considering (𝑚 + 1)𝑡ℎlargest observation 

as 𝑋(1), i.e. 𝑍 =
𝑋(𝑛)−𝑋(𝑚+1)

𝜎
, 𝑚 = 1, ⋯ , 𝑛 − 2.  

Here again, even though this statistic was 

introduced for detection of the pair 

(𝑋(𝑛), 𝑋(𝑚+1)), but noting that the 

observation corresponding to 𝑋(𝑚+1) would 

be lying closest to the location parameter, 

this observation cannot be declared as an 

outlying one. In this case the critical values 

obtained in case I of section 5.4 should be 

used for testing the null hypothesis with a 

suitable modification of the sample size 

as (𝑛 − 𝑚). As before, in the event of 

rejection of the null hypothesis, the largest 

observation i.e. 𝑋(𝑛) should be declared as 

outlying.   

Table 7 The critical values 𝑧𝛼  when only one observation was lying below 𝜇 

𝑧𝛼 
n parameter 𝛼 =1% 𝛼 =5% 𝛼 =10% n parameter 𝛼 =1% 𝛼 =5% 𝛼=10% 

3 
𝛾=2, 𝜎=1 15.5509 7.4315 5.2463 

9 
𝛾=2, 𝜎=1 27.3868 13.8487 9.8556 

𝛾=3, 𝜎=1 6.8894 3.9360 3.0391 𝛾=3, 𝜎=1 9.6727 5.3993 4.5203 
𝛾=3, 𝜎=3 2.9707 3.6007 2.9707 𝛾=3, 𝜎=3 4.2996 5.6909 4.2996 

4 
𝛾=2, 𝜎=1 18.3111 8.2946 5.4691 

10 
𝛾=2, 𝜎=1 37.6260 12.8674 9.7523 

𝛾=3, 𝜎=1 7.9606 4.3448 3.5234 𝛾=3, 𝜎=1 10.6151 5.6391 4.6477 
𝛾=3, 𝜎=3 3.1239 3.8723 3.1239 𝛾=3, 𝜎=3 4.5611 5.5935 4.5611 

5 
𝛾=2, 𝜎=1 21.9580 10.1334 6.6749 

15 
𝛾=2, 𝜎=1 39.1999 17.5008 10.5605 

𝛾=3, 𝜎=1 7.4673 4.7148 3.6185 𝛾=3, 𝜎=1 9.9809 6.8005 5.2118 
𝛾=3, 𝜎=3 3.6388 4.6268 3.6388 𝛾=3, 𝜎=3 5.3739 7.2056 5.3738 

6 
𝛾=2, 𝜎=1 24.6464 11.1133 8.1489 

20 
𝛾=2, 𝜎=1 52.3315 19.3892 13.1676 

𝛾=3, 𝜎=1 8.7429 5.2457 4.0629 𝛾=3, 𝜎=1 5.6907 7.5526 5.6907 
𝛾=3, 𝜎=3 3.9371 5.1211 3.9371 𝛾=3, 𝜎=3 5.7147 7.1834 5.7147 

7 
𝛾=2, 𝜎=1 29.5492 12.2338 8.3939 

30 
𝛾=2, 𝜎=1 43.7661 23.5266 17.4286 

𝛾=3, 𝜎=1 8.5906 5.3512 4.2686 𝛾=3, 𝜎=1 13.8537 8.1144 6.6564 
𝛾=3, 𝜎=3 4.1821 5.3712 4.1821 𝛾=3, 𝜎=3 15.7476 8.6310 6.7439 

8 
𝛾=2, 𝜎=1 29.2022 12.0604 8.6647 

50 
𝛾=2, 𝜎=1 67.5776 31.6165 23.3253 

𝛾=3, 𝜎=1 8.5606 5.1746 4.0799 𝛾=3, 𝜎=1 16.2346 10.5688 7.8326 
𝛾=3, 𝜎=3 4.2905 5.6096 4.2906 𝛾=3, 𝜎=3 16.8271 9.3421 7.3237 

Case when only one observation was on 

either side of the location parameter and the 

location parameter is known: (i). When only 

one observation was lying below the location 

parameter which was assumed to be known, 

while all other observations were above the 

location parameter, then the statistic Z can be 

suitably modified as 𝑍 =
𝜇−𝑋(1)

𝜎
. 
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Here, if it was assumed that 𝑋(1) < 𝜇 and 𝑋(1) 

follow a Fréchet   distribution as defined in 

case II with location, scale, and shape 

parameters 𝜇, 𝜎 and 𝛾 respectively. The 

critical values 𝑧𝛼 were obtained by 

simulation technique with 10,000 

replications and are tabulated in Table 7 for 

different values of sample size n and 

different levels of significance. 

(ii). When only one observation was lying 

above the location parameter, while all other 

observations were below the location 

parameter, then the statistic Z is modified as 

𝑍 =
𝑋(𝑛)−𝜇

𝜎
. Here, as it was assumed that 𝜇 <

𝑋(𝑛) and 𝑋(𝑛) follows a Fréchet   distribution 

as defined in case I with location, scale, and 

shape parameters 𝜇, 𝜎 and 𝛾 respectively. 

The critical values 𝑧𝛼  were obtained by 

simulation technique with 10,000 

replications and are tabulated in Table 8.

Table 8 The critical values 𝑧𝛼  when only one observation was lying above 𝜇 

𝑧𝛼 

n parameter 𝛼 =1% 𝛼 =5% 𝛼 =10% n parameter 𝛼 =1% 𝛼 =5% 𝛼=10% 

3 

𝛾=2, 𝜎=1 17.4737 7.7873 5.6818 

9 

𝛾=2, 𝜎=1 29.4034 12.9569 8.4474 
𝛾=3, 𝜎=1 6.5171 3.8453 2.9352 𝛾=3, 𝜎=1 10.5206 5.4283 4.3353 

𝛾=3, 𝜎=3 7.3295 3.7605 3.1872 𝛾=3, 𝜎=3 9.5843 5.4414 4.5323 

4 

𝛾=2, 𝜎=1 18.7306 9.9964 6.8121 

10 

𝛾=2, 𝜎=1 32.7393 13.6507 9.5661 

𝛾=3, 𝜎=1 6.8134 4.2427 3.3304 𝛾=3, 𝜎=1 10.0651 6.1702 4.8826 

𝛾=3, 𝜎=3 6.9278 4.5267 3.3783 𝛾=3, 𝜎=3 12.1171 5.6176 4.4359 

5 

𝛾=2, 𝜎=1 30.5552 10.3511 7.3617 

15 

𝛾=2, 𝜎=1 40.0995 16.6142 11.4314 

𝛾=3, 𝜎=1 8.2262 4.4278 3.6438 𝛾=3, 𝜎=1 11.8424 6.4415 11.4316 

𝛾=3, 𝜎=3 8.8534 4.5707 3.5477 𝛾=3, 𝜎=3 10.5542 6.3309 4.9943 

6 

𝛾=2, 𝜎=1 21.9404 11.4212 7.9129 

20 

𝛾=2, 𝜎=1 42.7636 19.8326 14.0360 

𝛾=3, 𝜎=1 9.4852 4.9129 3.8301 𝛾=3, 𝜎=1 13.3870 7.4336 5.7608 

𝛾=3, 𝜎=3 7.5561 4.6367 3.7952 𝛾=3, 𝜎=3 12.0591 7.1971 5.8587 

7 

𝛾=2, 𝜎=1 26.7845 11.8641 8.1086 

30 

𝛾=2, 𝜎=1 63.1037 24.2373 16.9631 

𝛾=3, 𝜎=1 8.3832 5.3488 4.3551 𝛾=3, 𝜎=1 13.4077 8.8372 6.3697 

𝛾=3, 𝜎=3 9.3157 5.1285 4.0775 𝛾=3, 𝜎=3 11.8666 8.1295 6.4871 

8 
𝛾=2, 𝜎=1 45.1805 12.3479 8.6019 

50 
𝛾=2, 𝜎=1 74.2552 30.8780 20.7944 

𝛾=3, 𝜎=1 8.0916 4.9657 4.0681 𝛾=3, 𝜎=1 14.7201 9.7983 7.8404 
𝛾=3, 𝜎=3 9.5087 5.1833 4.2636 𝛾=3, 𝜎=3 17.2954 9.4414 7.5963 

Examples 

Example 1: In early septic shock, peak 24-

hour serum lactate (mmol/L) is well known 

to be right-skewed with a heavy upper tail. 

Extremely high readings can occur (true 

clinical extremes) alongside occasional 

measurement artifacts. Because tails are 

heavy, outlier diagnostics must respect the 

distributional shape or they will either over- 

or under-flag influential points. To 

demonstrate whether a Fréchet-calibrated 

paired-outlier test can reliably identify a pair 

of extreme high lactate values while 

maintaining correct size under the clean 

model. 

Consider n=15 consecutive ICU admissions. 

Let X denote each patient’s peak 24-hour 

lactate, modelled as Fréchet (𝜇 =0, 𝜎 =3, 𝛾 
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=3). The population dispersion used for 

standardization is, 

𝜎𝑝𝑜𝑝(μ,σ,γ) = σ [Γ(1 − 2/𝛾) − Γ(1 − 1/𝛾)2]1/2, 

Here, 𝜎𝑝𝑜𝑝(3,3) = 𝜎Γ(1 − 2/𝛾) − Γ(1 − 1/𝛾)2 ≈

2.7582, 

Test statistic and critical value. 

𝑍3 =
𝑋(𝑛) − 𝑋(1)

𝜎
 

reject if 𝑍3 > CV(0.05,n=15) = 5.9757.  

This statistic standardizes the range by the 

null’s dispersion, making it scale-invariant 

and tuned to the Fréchet tail. 

Design of the experiment. From the Fréchet 

model, generate a clean sample of size 15 

(one ICU day’s worth of patients). To stress-

test sensitivity to a paired upper extreme, 

replace the two largest order statistics with 

the model’s 99.5th and 99.9th percentiles: q 

(0.995) ≈17.529, q(0.999) ≈29.995.  

lean sample: 𝑍3 =3.0115<5.9757 implies that 

do not reject. 

Paired-outlier sample: 𝑍3 =10.2250>5.9757, 

implies that reject ( i.e. paired outlier 

detected). Under the clean Fréchet model, 

the empirical type-I error was 0.065 (close to 

5% given Monte-Carlo error); under the 

paired contamination above, the detection 

probability was 1.000. Thus, the procedure 

keeps size and has near-perfect sensitivity 

for a clinically meaningful pair of high 

extremes. 

Interpretation for practice. In a quality-

assurance or research pipeline, samples with 

𝑍3 exceeding 5.9757 should be flagged for 

clinical review (e.g., re-check vials, repeat 

assays, confirm timestamps, and verify 

patient factors like profound shock or 

delayed resuscitation). Flagging need not 

imply deletion; rather, it prevents two 

influential extremes from distorting risk 

models, calibration, or between-group 

comparisons. 

(i) The CV=5.9757 above assumes the 

population σ; if you prefer the sample SD, 

recalibrate the CV for n=15 (using table 4.1) 

because power changes noticeably. 

(ii) Conclusions rely on the Fréchet tail 

assumption and independence within the 

24-hour window; if α\alpha is mis specified 

toward heavier tails, power will be 

somewhat reduced but size remains 

controlled when CVs are recomputed under 

the chosen null. 

(iii) In real cohorts, extremely low values can 

also occur (dilution/sensor issues); use of 

single-lower test in tandem to distinguish 

patterns, is suggested. 

Thus, In a cohort of n=15 ICU lactate 

measurements modelled as Fréchet(0,3,3), 

the paired-outlier test 𝑍3 =
𝑋(𝑛)−𝑋(1)

𝜎
 with 

CV=5.9757 controlled size (~0.065) and 

detected an injected pair at the 99.5th and 

99.9th percentiles with probability ~1.00, 

demonstrating reliable identification of 

clinically extreme paired highs without over-

flagging clean data.  

Example 2:  To demonstrate the application of 

the proposed statistic, we considered data 

generated from a Fréchet distribution with 

parameters 𝛾 =2 (shape) and σ=1 (scale), 

reflecting the heavy-tailed nature of 

catastrophic health expenditure (CHE). 

Artificial upper outliers were introduced by 

inflating the largest observation in each 

sample. The test statistic  

𝑍1 =
𝑋(𝑛)−𝑋(𝑛−1)

𝜎
, is considered to test the null 

hypothesis 
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𝐻0: no upper outliers  

𝐻1: one upper outlier, 

and reject 𝐻0 when 𝑍1>𝑍𝛼,  𝑍𝛼  the critical 

value for sample size n at level α. Here to 

evaluate the performance of the proposed 

statistic for upper outlier detection by 

checking its ability to flag a single injected 

upper outlier in Fréchet-distributed samples. 

For n = 5 – 25 and α = 1%, 5%, 10%, tabulated 

critical values were used, the procedure was 

10,000 times replicated, and probability of 

successfully detection of the outlier or power 

of the test has been observed for different 

level of significance and degrees of freedom.  

Table 9 presents the estimated detection 

probabilities (power) of the proposed test for 

different sample sizes and significance 

levels. As expected, the ability of the test to 

detect an extreme outlier improved steadily 

with increasing sample size and with more 

relaxed significance levels. 

Table 9 Probability of successfully detecting an upper outlier (10,000 replications) 

Sample Size (n) Power (α = 1%) Power (α = 5%) Power (α = 10%) 

5 0.58 0.71 0.78 

10 0.74 0.87 0.92 

15 0.83 0.93 0.96 

20 0.89 0.95 0.98 

25 0.92 0.97 0.99 

The simulation study clearly shows that the 

proposed upper-outlier statistic is effective 

in identifying abnormally high values in 

Fréchet-distributed samples. At small 

sample sizes (n = 5 to 8), the power is 

moderate, particularly at the stricter 1% 

level, but rises sharply with larger n. For 

n≥15, the test exhibits very high detection 

probability (>90%) at the conventional 5% 

level. As expected, higher significance levels 

(10%) yield greater power, while stricter 

levels (1%) are more conservative. 

From a practical perspective, this means that 

the test is reliable for flagging suspiciously 

large expenditures in CHE data, especially 

when sample sizes are moderate to large. 

The method thus offers a robust and efficient 

statistical tool for quality control in health 

economics research, helping to distinguish 

genuine catastrophic events from anomalies 

caused by data entry or reporting errors. 

Conclusion 

The study introduces a comprehensive 

approach for outlier detection in Fréchet   

distributions by utilizing modified test 

statistics and simulation-derived critical 

values. The research demonstrates that while 

the proposed methods perform adequately 

for larger sample sizes and certain parameter 

combinations, their effectiveness decreases 

in scenarios with smaller samples or at lower 

significance levels. Comparisons with 

Gumbel distributions indicate that the 

proposed statistics offer a competitive, yet 

not universally superior, alternative.  

Future research can further refine these 

methods by considering different parameter 
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settings and exploring their applicability in 

real-world datasets involving extreme 

events and the study of performance can also 

be performed. 
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