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Abstract

In usual demographic analysis, force of mortality is a function of one variable, that
is, of age. In this article bi-variate and multivariate force of mortality functions are introduced
for the first time to explain mortality differentials. The pattern of mortality in a population is
one of the strong influencing factors in determining the life expectancies at various ages in the
population. Considering univariate functions of age only to understand the human mortality
data without associating with other variables could lead to incomplete analysis. The reasons
behind declining forces of mortality globally could be studied using the proposed functions.
Other applications of multivariate forces of mortality could be in actuarial sciences.

Introduction

One variable force of mortality, £ X), with respect to age, X of an individual is one of the
central topics of study in the actuarial mathematics and there are very useful discussions are available
on univariate or one variable force of mortality (see for example, Smith, 1948; Turner et al. 2010;
Finkelstein, 2003). It is often termed as instantaneous rate of death at an age X. Suppose, forces of
mortality is measured on two variables ( X,y ), (one being age, other can be some influencing factor
on mortality), then if we plot the force of mortality £(X,Yy) on the Xy —plane, then for an arbitrary

point (X,,Y, ), we can write,

gy 0

where € is a region such that (xo,yo) € Q and p(Q) is area of the region. Since y is

#(%,Yo)=

continuous in the univariate case, if we assume the same holds for ,u(X,y) in €, it has an upper

bound say, 1 and a lower bound say, £, in the region such that

Sﬁﬂgﬂ(xvﬂdpﬁﬂl-

Multivariate force of mortality functions can help in better understanding of longevity and
causes of decline in mortality rates. There are studies which consider mortality decline or longevity
projections of humans with respect to age only (for example, see Turner et al. 2010; Finkelstein,
2003). Such studies can be handled using univariate analysis of standard force of mortality functions.
For capturing simultaneous dynamics in mortality rates or causes of increase in longevity we have
introduced multivariate forces of mortality functions. Analytical properties, such as the rate of change
in forces of mortalities of bi-variate force of mortality functions are found in the next sections. In this
section, we will begin with two examples and we illustrate their numerical simulations.

Ho

"Data Processing Division, National Sample Survey Office, Ministry of Statistics & Programme Implementation,
Government of India, Kolkata

’Indian Statistical Institute, Kolkata

3Department of Biostatistics and Epidemiology, Department of Medicine -Division of Infectious Diseases, Medical College
of Georgia, Augusta University, and Department of Mathematics, Augusta University, 1120 15th Street, Augusta, GA
30912, USA

*Corresponding author: Arni S.R. Srinivasa Rao, Email: arrao@augusta.edu



Example 1. Suppose 1(x,y)=1-x*y*¥¥ / K for a,b,K e Z". See the definitions of z,( X,y )and

4y (X,y) in (20) and (21) in the section 3. We have,

aXa—lyb/«/R bxay(b/«/f)—l
(X, y)=———=—— and p(Xy)=
K — Xayb/JR y \/E( ayb/\/—)

Example 2. Suppose I(x,y)=aﬁbX3 for 10<x<80, 1<y<5, a=5 b=7.
w1, (x,y)=-3x*log(b) and x,(x,y)=—-log(a)/ 2y.

Force of mortality functions also associated with continuous life table functions (Smith,
1948). Life table is a mathematical model describing how individuals born at same time (for example,
a cohort of new born babies) survive over the years at various ages until the last individual dies. Life
table is constructed based on present or past mortality pattern (i.e. mortality rates at each age, (say X)
per fixed number of individuals in the same age X per year or for the year (0,t)) in the population

and assumed that this pattern will remain the same until the individual at last age dies. This table can
be used to construct synthetic population at each age X at time t or for time interval (0,t), it do not

have mechanism to take care of future changes in the mortality pattern after t. Suppose I(X) denote
the number of individuals at age X out of 1(0) newly born individuals in a life table with continuous
partial derivatives up to order (K +1). Then the number of individuals at ages, X+ AX and X—AX
are denoted by I( X+ AX) and I(X—AX) can be obtained from Taylor series expansion evaluating at

X, as

I(x0+Ax)—I(x0)+AxI(x0)+(Ax)2 (Xo) +(Ax )3'3(X°)

rany 100) e () o)

" @

(2) 3)
1(% — AX)=1(% )= AXI'( % )+ (AX)? (X°) (A )3' (XO)

+(=1)(ax)" k)(xf’) +[ (ax) I(M(t)dt 3)

Here X is the ﬁxed age between 0 and o , the maximum age of life. The number of survivors
at age X with some other relevant factor (for example, marital status, education level, climate, food

habits, geographic region etc) Yy evaluated at (Xo,yo) can be obtained form two variable Taylor

expansion. Assuming continuous partial derivatives for |(X0 +AX,Y, +Ay) up to order 3, we can

the expansion of two variable survival functions as follows:

_ al al (AX)? [ %
'(Xo+AX,yo+AY)—'(Xo,yo)+AX{&(Xo7yo)}+AY{a—y(Xovyo)}+T{y(xo’yo)}
(Ay): [ R (Ax) &1

+(Ay):"{a_f‘l(X(),y())}+(AX)2Ay{ o' (Xo,yo)}fX(Ay)z{ 63l2(xo,yo)}+...+... @

2 ox2oy 2 oxoy
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Figure 1. I(x,y) in Example 1. For various combinations of values of a and b we have drawn
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Figure 2. x4, (x,y) in Example 1. For various combinations of values of a and b we have
drawn Figures (1 a) to (1 f) by fixing K=100, 10 <x <80 and 1 <y <S5.

Following are the combinations of a and b for each figure: (1 a): a=0.1, b=0.9, (1 b):
a=0.2,b=0.8, (1 ¢): a=0.3, b=0.7, (1 d): a=0.7,b=0.3, (1 €): a=0.8,b=0.2, (1 ): a=0.9,b=0.1.



Figure 3
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Figure 3. 4,(x,y) in Example 1. For various combinations of values of a and b we have

drawn Figures (1 a) to (1 f) by fixing K=100, 10 <x <80 and 1 <y <5.
Following are the combinations of @ and b for each figure: (1 a): a=0.1, b=0.9, (1 b):
a=0.2,b=0.8, (1 ¢): a=0.3, b=0.7, (1 d): a=0.7,b=0.3, (1 €): a=0.8,b=0.2, (1 f): a=0.9,b=0.1.



(3 -03,-89)=1 0 30~ 2 0.0 - a9 2 )+ B )

(Azy.)z{jyz " yo)}+AxAy{ &l (Xo,yo)} (Agx!)g{gxl (xo,yo)}

oxoy
() [ &
3l {ays(xovo} axayxoyo}
Ax(Ay)2 o°
_ 5 {axayz (XO’yO)}+"'+“' (5)

Analysis of first order equations
We try to analyze univariate force of mortality functions by considering higher order
derivatives are continuous. Assuming X-—X,, in (2) and (3), we will have

I; ((AX Y1 D(t) / k!)dt —0. Suppose f{"(x,+Ax)and f("(x,—Ax) denote Taylor
expansion equations when ignoring the (n+1)" derivatives and beyond for N=2,3,... in (2) and
%I‘”)(xo )in (2) and (3)

(3), then by sequentially ignoring the terms beginning from the term

for n=2,3,... , we will obtain following equations:

fO(x, +Ax)— FO(x, —Ax)=2AxI"( X, ) (6)

FO(x, +AX)— FO(x —AX)= 2Ax1( x, )+ A% (AX) 19(x, ) ™

FO(x, +AX)— FO(x, —AX)= 2Ax|(x0)+2(AX)3 3>( )+2(AX) 19(x, )

(2k-1) gk, — / Z(AX)3 © Z(AX)(Zkil) @k-1)

F7 (% +AX) = £ (%, —AX) = 2Ax1( %, ) + 3 (%) +. —(Zk—l)!l (%)
(8)

Therefore,

ZL[{ PO, +Ax) = FED(x, = AX)] —{ FED(x, +Ax)— FED(x, - Ax )}] =

2(Ax)° @ 2(Ax)° ©) Z(AX)(ZM) @)
3 ——1¥(x )+ —— = (%, )+...+ —(2k D)1

Hence we will obtain,

Z, 1[{f(2’”(x0+Ax) FED(x, — AX)} - {f(Zj’l)(xO+Ax)—f(Zj’l)(xo—Ax)}]z

(%) )

{ D%, +Ax) = FED(x = Ax)} = { FO( %, + Ax)— FO(x, - Ax)] (10)
Using the relation 19(x, )= Z_ix[ fO(x, +Ax)— FO(x, - Ax )] , wWe write,
di(x)| 1

dX — ZAX [{f(ZkH)(XO +AX)— .I:(2k+l)(x0 —AX)}—

|x:><o



i[{f(zjﬂ)(xo +AX)— 1:(2j+1)(x0 _AX)}_{f(ijl)(Xo +AX)— f(ZJ'fl)(X0 —AX)}:|:| (11)

=1
Dividing the (6) by the term 2AX on both the sides and integrating it from age X to X+m,
we obtain,

X+m f(l)(y +Ay)_ f(l)(y _Ay) e d
J L0 0 } dy= | —l( y) dy
X N ' y=Yo
_I _ﬁd_ (y)y_y 1Y),y O = -, Yoy, 1Oy, A (12)
0

where, 2(X), the force of mortality function, which is defined as (=1/1(x))(d / dx)I(x).

Dividing the (7) by the term 2AX on both the sides and integrating it from age X to X+m,
we obtain,

J~x+m {f(3)(yo +Ay)_ f(s)( Yo _Ay)} _(Ay)2 |(3

(Y, )] dy=—["u(y)|., 1Y), Ay (13)

Now, multiplying I( X)|x:x0 and (—1/1( X))|X:X0 to the ((11)), and integrating between ages X and

X+ m, we will obtain,

X+m ]_ + +
(Y., dy=] —Z—Ay[{f<2k O(y, +Ay) - T8Iy, —Ay))

=Yg

i[{f@"“’(yo +Ay)= TNy, = Ay)} {1y, + Ay ) - £E(y, - ay)} |

=" —I(y)

X

dy =ml'(y, ) (14)
Y=Yo
If there are any deaths during the age (X, +AX) to (X —Ax), then
fO(x, +Ax) < fP(x, —AX). In the absence of deaths, we have f®(x,+Ax)= f®(x, —Ax)
d dl(x)
dx

<0. This argument is true for difference of other higher order expressions.
X=Xg

Analysis of second order equations
Suppose g (X, +AX,Y, +Ax) and g‘V(x, —AX,y, —Ay) denote equations when

ignoring the terms from (N +1)" partial derivatives and beyond for N=2,3,... in (4) and (5), then

by sequentially ignoring the terms beginning from the n" order partial derivative terms in (4) and
(5) for n=2,3,... , we will obtain following equations:

al
99 (% +AX, Yo +AY) = 9% (X, — AX, Y, — Ay) = 2Ax{&(xo,yo)}+2Ay{ay(Xo Yo)}

ol
D (% +AX, Y, +Ay) = @ (X, — AX, Y, —AY)= 2Ax{&(x0,yo)}+2Ay{ay(x0 yo)}

J%)S{g—;(%%)} 3y!) {8y (XO’yO)}




| 2O )

(2k 1>(x0 + AX, yo+Ay) (k- 1)(Xo AX, Y, — Ay):ZAX{%(XO'VO)}+2Ay{ay(Xo Yo)}
240" " (ay) [R3(2k-1) [ o™
T (2k-1)! LZ:;( j j {axakjl)ayj (Xo’Yo)H

Therefore,

Zk‘,[{ BB (%, + AX, Yy + Ay ) = gHD (%, - AX, Y, —AY )}

=

{ (2k- 1)(x0+Axy +Ay) (k- 1)()(O AX,Y, — Ay)}} (AX) {gla(xo y)}

31
(ay)* [ &% (Ax)" Ay [ &° ax(ay) [ &
+ 31 {ay3(X0’y0)}+ 5 {axzay(xmyo)}‘i‘ 5 axayz(xo,yo) +....
2(ax)" " (ay) [ 2K 1o
’ (2k+1)! LZ:;( i j{ax(ka)ayj(Xo’VO)H (15)

Force of mortality for the two variables (X, y) is evaluated at the point (X0 , yo) using partial

derivatives as follows:

ou(xy)_ H(%+A%Yo) =4 (% o)

(16)
OX Ax—0 AX
ou(xy)_ . a(%.Yo +AY) = 2(%Y)
= lim (17)
8y Ay—0 Ay
where, we define,
1 Al (X% +AX,Y,)
A = - 18
H(%+ %o (X, +AX,Y,) ox {19
1 Al (%, Yo +AY)
Yo +AY)=— (19)
/U(XO 0 ) I(X0|y0+Ay) ay
1 al(x%.Y,)
AX Yo )=~ for eq.(16) (20)
,U (XO 0) I(Xoayo) aX
1 al(%.Y,)
=_ for eq. (17 (21)
Using (4) and as Ay — 0, we obtain,
_ ol (Ax)? [ &% (Ax)? [ &%
I(Xo+Axayo)_I(Xo’yo)+Ax{&(xo’yo)}+ o {y(xo.yo) 158 oY)
(22)

Using (5) and as AX — 0, we obtain,



_ al (Ay) [ 8L (Ay)* [2°1(%. %)
I(Xo’yo+Ay)_I(X01YO)+Ay{ay(xo’yo)}+ o {ayz(xo,yo)}+ 3l { Y }

(23)
Therefore,
2

ol ol o°l 2o oY
2= S0 ] T ) [+ T ) | 0 )

3!

24

%‘(xo,yo +Ay)={%I(Xo’yo)}+Ay{§y_2lz(xo'yo)}+%{gy_i(xo’yo)}+(§{)s {%(%1yo)}

(25)
Let us now derive the equation of the type (15) with the conditions Ay =0 and AXx —0
and extending these equations up to the general term. Suppose, Ay — 0 in (4) and (5) , then

(%, +Ax,yo)=I(xo,yo)+Ax{g—)l((x0,yo)}+M{2_;(xo,yo)}+___

2!
(Ax)" [ 8"
L {axn(xo,yo)}+ (26)
I(Xo_Axiyo):I(XO’yo)_AX{%(XonO)}+(A2X!) {g—xi(xo,yo)}—
C(Ax) [
+(-1) y {axn(xo,yo)}+ 27)

and AX — 0 in (4) and (5), then
ol Ay )? | 6%l
I(Xo’yo+Ay):I(X01yo)+Ay{a_y(xo’yo)}+( y){ (xo,yo)}+-~-

21 |oy?
(Ay)' (8"
'(xo,yo—Ay)=I(xo,yo)—Ay{%'(xo,yo)}JAzy!) {sy—'z(xo,yo)}—
2 (AY)" | 0"l
+(-1) T{W(Xo’yo)}j“' (29)

Sequentially, ignoring the n" order terms from (26) and (27), and denoting these new
equations as gi”’(xo +AX,Y,) and gi”’(xo—Ax,yO) for n=2,3,..., we obtain below set of

equations.

ol
0 (% + A%, Yo ) = 957 (X% —AX, Y, )= ZAX{&(XO,yo)} (30)

al 2(Ax) [ %
gf)(xo+Ax,yo)—g§3)(><o—Ax,yo)=2AX{&(XO,VO)}+ (3!) {y(xo,yo)}
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ol 2(Ax)® [ &%
g (%, +AX, Y, ) - g& l)(XO—Ax,yo)=2Ax{&(xo,yo)}+ (4x) {—(xo,yo)}+....

3! ox°
2( AX )(Zk—l) 8(2 k—l)l
50 (%0 %o)

(2k —1)!
Therefore,
k
Z[{ (2’+1)(XO+AX Vo)~ (21+1)(X0 AX, yo)} { @ij- 1)(X0+AX Yo)— 0 @i- 1)()(0 AX, yo)}]
=0
k Z(AX)(21+1) 6(21+1)|
LT
= {98 (% + A%, ¥y ) = 97 (% = A%, ¥, ) = {92 (% + A%, ¥y ) — 91 (X — A%, Y, )}

Sequentially, ignoring the n" order terms from (28) and (29), and denoting these new
equations as gé“)(xo,yO+Ay) and g(”)(xo,yO+Ay) for N=2,3,..., we obtain below set of

equations.

ol
99 (%, Yo +AY) = 99 (%, Yo — Ay ) = 2Ay{5(xo,yo)} (32)

® ) B 2(Ay)? 6_3|
957 (X, Yo +AY)— 95 (X, Yo —AY) = 2Ay{ay(><0 yo)} 3 {ayg(xo,yo)}

05" (%Yo +AY) = 9 (%0, Yo —AY) = ZAV{%(XO’YO)}"'Z(A” {a' xo,yo)}

3! oy® (
2( Ay )& [ @)
+ (2k 1)| {8y(2k 1) (XO yo)}

Therefore,

Kk
2 {0 (0 yo +8y) =08 (x00¥o + )} ={0 2 (.30 + 8y) =08 (3 + Ay | =
k Z(Ay)(21+l){a(21+1)|

=0
S @2j+1)1 |oy@ (% 'y°)} 49

= {199 (%), ¥ + AY) = 14D (%, Yo + AY )} = {1 (%, Yo + AY) = 1P (%, Y, — AY )}
Now substituting the (22) and (24) in the (18), we get

1 & (Ax)! o
1 (% +AX, Y, )=~ (A Z( X) { j+1(X0’y0)} (34)
1063)+ 3 O | P
X1 Yo 2 o X1 Yo
and, substituting the (23) and (25) in the (19), we get
1 = (Ay) [ o
#(% Yo +AY)= = ) Z;( JY!) {Wﬂ(xo,yo)} (35)
e £ ]
j=1 J ay

Using (30) and (32), we obtain forces of mortalities for two variables as follows:
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{99 (% +A%,¥5) = 0 (% — A%, Y, )}

/U(Xo,yo):_ 2AX|(X0,yO)
( )__{ggl)(xo’yo+Ay)_ggl)(xo’yo_Ay)}
H(X Yo )= 2Ayl(xo,y0)

Hence the derivative forces of mortalities are as follows:

ou(xy)_ 1] {0 0%+ 8%0) -0 (- Mxyo)}
19)4 Ax—0 AX 2AxI WY, 2 (Ax)) ajl
o) { - Z( .) )
i=1 :
(36)
) aj+l|
G,U(ny)_l, 1 {ggl)(xo’yo+Ay)_g§1)(xo1y0_Ay)} JZ:(; J' {5y”1 X07y0)}
= lim — - :
oy ay-0 Ay 2AYI Y = (Av) [ 8]
Uork) {'(Xo,yo)@(-y.){,-(xo,yo)ﬂ
= b oy
(37)

Analysis of third order equations
Suppose S be the function number of survivors at age X with two more influencing variables

Yy and Z, then the three variable survival function S ( X,Y, Z) evaluated at {XO Yo ZO} can be written

as

0s 0s
(%, +AX, Y, +AY, 2, +Az):s(xo,yo,zo)+Ax{&(x0,yo,zo)}+Ay{5(x0,yo,zo)}
0s AX® [ 0%s
+AZ{E(XO’yO'ZO)}+T{¥(XO’yO'ZO)}

Ay? [ &%s AZ% [ 6%s
+T{W(X0!y01zo)}+7 E(XO!ymZO)

2

+AXAY { aa asy
X

2 2

(xo,yo,zo)}JrAxAz{aaxasz(Xo,yo,zo)} +AyAz{£a (Xo:Yo:2 )} .....

1 os N A Ao Ng
et ————— AX Ay *Az (38)
NNy Ng nl!nz!ng! OX lay 2073

Similarly,
0s 0s
S(Xo —Ax,yo —Ay,zo _AZ): S(Xm)’o’Zo)_AX{&(Xo’y01zo)}_Ay{a(X01y0’zo)}

0s AX® | &%s Ay? | 6%s AZ® | %s
—AZ{E(XO,yO,ZO)}+T{W(XO1YO’ZO)}+%{W(Xo’y01zo)}+7{¥(xo’y0’zo)}

2

0°s
(xo,yo,zo)} +AyAZ{8yaz

2

0°s
(Xo’y°’Z°)}+AXAZ{axaz

2

+AXAY { : ;y
X
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ngny Ny n1!n2!n3! 6Xn18yn262n3
Here k=n, +n, +n,.
Let h(”)(x0 +AX, Y, +AY, 2, +Az) and h(”)(x0 —AX,Y, —AY,Z, —Az) denote equations after

ignoring the terms with derivatives beginning from the (n+1)" order (N=1,2,...) in the (38) and
(39). We will obtain following equations:

h® (%, +AX, Y, + Ay, z, +Az) o5
=2AX<{— Vo, 2A Z

oS
+2A7 {E(xo,yo,z0 )}

h@k-D +Ax');'+Ay,Z +Azm 0s
(% 0 0 AZ))}:ZAX{&(XO’y"’ZO)}JFZAy{ay(XO Yo.2 )}

h® (% = AX, Yo Ay, 2, -

+2Az{ (%, Y02 } + Y

ny 11 g n'n'ax“lay”za 3
(here 2k —1=n,+n, +n;)

k
.+(_1)k |: Z 1 a S AanAynzAZn3:| (39)

B2k

AXMAY™2AZ"™

Therefore':' '

Kk
Z[{h(z‘”l) (% +AX, Yo + Ay, 2, +Az) —h®*D (%, — AX,y, - Ay, 2, - Az)}

]

=1
{g(zk 1) X0+AX Yo +AY,Z, +AZ) @1 (XO AX,Y, — Ay,zO+AZ)}]=

3
> 2 - 0 S AxMAy“Az™  (here3=n,+n,+n,)
n oy MINING! Ox 2oy 207
2 (@k+1)
=4t o s AX" Ay AZ"

NNy Ny nl!nz!ng! 6Xn18yn2 82”3
(here 2k+1=n,+n, +n,)
We define following three force of mortality functions evaluated at (X0 Yo ,ZO) :
1 35(%:Y2%)

(% Yo:%0 )= = S

XYoiZ)  OX
_ 1 0S( %y, Yy,2
s B

1 35(%.Y0:2)
(%Yo 120) 0z

and further we define three functions of forces of mortality as follows:

,Uz(xo,yovzo)z_

1 05Xy +AX,Y,,2y)
AX, Y., =—
#(%+A%Y0.2) S(X +AX,Yy,25) OX
1 35( %y, Yo +AY, )

AY,z,)=—
(%Yo + Ay, Z,) S(%, Yo +A4Y,2;) »
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1 05(Xy1Yo.2y +AZ)
(X9, Yo 2y +AZ) 0z

Using the above definitions, we obtain following rates evaluated at (X0 VYo 12o ) :

ou(x.y,2) _ - 1% +AX,Yy,2)) = (%, ¥o.2,)

,U(Xo’yovzo +AZ)=_

OX Ax—0 AX
op(x,y,2) _  p(% Yo +AY.Z0) = (%, Y52,
———=1lim

ay Ay—0 Ay
5,u(X,y,Z)_ . ﬂ(xovyO’Zo+Az)_ﬂ(Xovy0’Zo)
———=1lim

oz Az—0 Az

By taking pairs of limits(Ay >0, Az —>0), (Ax—>0, Az—0), and (Ax—>O0,
Ay — 0), separately in the (38), we obtain following three equations:

AX" | 0"s
(X +AX, Yy, 2y ) = S( X, yo,zo)+Ax{ (X, yo,zo)} iy {axn(xo,yo,zo)}+ ..... (40)

- LAY
S(X:Yo +AY,2)) =8(%), Y02 )+Ay{ay(xo Yo.2 )} = {ayn(XO'yo’Zo)}+ (41)

0s Az" | 0"s
S(XO’yo'Zo+AZ):S(Xo’yO’Zo)"*'AZ{E(Xo’y01zo)} nl {E(%v%i%)}*‘"' (42)

By taking pairs of limits(Ay >0, Az —>0), (Ax—>0, Az—0), and (Ax—O0,
Ay — 0), separately in the (39), we obtain following three equations:
AX" | 3"s ( 2)b+
n | ax VorYorto

0s
S(Xo _AX’VO'Zo)z S(Xo’yovzo)_AX{&(Xovyovzo)}

(43)
0s d"s
S(XO’yo_Ayvzo):S(XO’yovzo)_AY{a(xo’yovzo)}"' +(-1) y,{ayn(xo,yo,zo)}+
(44)
_ 0s o"s
S(meovzo_AZ)_S(XonOJO)_AZ{E(Xo’yO’Zo)} { (Xo’yo’zo)}"'
(45)
Suppose h (X +AX,Yy.2,), h' (X —AX,Yy.Z, )5 h (Xo. Yo +AY,Z,),

h (X.Yo —AY,Z,) and N (X,,Yy.2,+AZ) , hi(X%,Yy,2,—Az) for n=1,2,3,... denote the
functions by ignoring the terms from the order (N+1) in the pairs of equations (40), (43); (41), (44)
and (42), (45), then we will obtain following three series of sequences of difference functions:

0s
hil)(xo +AX,y0,ZO)—hil)(XO —AX,yO,ZO)= ZAX{&(XO’yO7ZO )}

0s 2A%% [ &%
hf)(xo +Ax,y0,zo)_h£3)(x0 —AX,Yy.20)= 2Ax{&(xo,y0,zo)}+T{¥(xo,yo,zo)}

0S 2AX3 | 8%
(2k1)(XO+AX Vo2 ) he- 1)(x0 AX, Y, 2 ) 2Ax{&(x0,yo,zo)}+T{¥(xo,yo,zo)}+



ZAX(Zkfl) 8(2k71)s
k- x<2“(x°’y°’z°)

Therefore,

3!

14

T (6 + A%, Y020 ) = W2 (3 = 8%, ¥0,20)} = | 2ax® [
z[ ()
=

{h(ZJ 1)()(0 +AX,Y,,Z ) hizj_l)(xo_AX,yO,ZO)}
ZAX(ZkH) 8(2k+1 s
Tk | o@D (% ¥0.20)

h? (%Yo +AY.2,) —h¥ (X, Y, =AY, 2,) = 2Ay{8y(x0 Yoo Z )}

0
h® (%Yo +AY.2,) = (%Y, — Ay 7, ) = ZAV{ES(Xo’yo,zo)}+

) ) 0s
h§2k 1)(x0,y0+Ay,zo)—h§2k 1)(X0,yo—Ay’Zo)= 2Ay{5(xo,yo,20)}+

2 ka -1 aZk 1
k=1 {6’31“ 1(X°’y°’z°)}

Therefore,”
i {h(2j+l)(X0 Yo +Ay 7 )—h§2j+l)(xovy0 —Ay,ZO)}— 2Ay3 {635
< {h(Zj D (X Yo +AY.Z,) - hgzj—l)(xo,yo—Ay,Zo)} ] oy®

2Ay2k+l 62k+1s
+(2k+1)| ay2k+1(xo'y0’zo)

05
h$ (X902 +AZ) =P (X9, Yy, 2, — AZ) = ZAZ{E(XO,yO,ZO)}

0s 2A7°
h§3>(x0,y0,z0 +AZ)—h§3’(xO,yo,Zo —Az): 2Az{5(xo,yo,zo)}+7{

3!

3!

(%Yo

2AY

(46)

20y° [ 0%
{6y3 (Xo'yo’zo)}

3{;—35(&%,%)}

,zo)}+

47

%
o (%Yo 0)}

. . 0s 2AZ7° | &%
h&™ (%, Yo, 2 +Az) —h* 1)(Xo'yo’zo_AZ):ZAZ{E(XO’VO'ZO)}JFT{?(XOvyO’Zo)}

2AZ(2k D [ pk-Dg
(2k 1)| Z(2k 1) (XO yo )
Therefore,

Zk:[{h(z””(xO Vo1Zo +AZ)— h(Zj”)(Xo Yo:Zo _AZ)} } 2Az3{83s
=

206,302+ 02) 7 2y 00) |3

E(XWYO’ZO)}‘*'
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2AZ@HD [ pk+D)g
+(2k+1)! az(zm)(xo,yo,zo)

The rate of changes in the survival function with respect to one variable and corresponding
forces of mortalities for three variables can be obtained using the following derivations.

0S(X +AX,Y5.2,) _ 05(%,Yo.2) d%s AX" [ 0™'s
T Fa ) TR RN A

0s( X%, Y, +AY,Z,)  05(X,,Y,.2 d%s Ay" | 0"s
(XO gy 0): (Xoayo 0)+Ay{W(XO’yO’ZO)}+.+n_yl{m(xo’y0’zo)}+.

05(%: Yo, 2o +AZ) _ 05(%9,Ys.:%) ’s Az" (o™
oz - oz +Az Zz(xo YoiZo) ¢+ o W(xo,yo,zo) ST

AXi {ai+1s (XO y , )}
= , _l T 1Yo 40
{aS(XOIyO!ZO)} =L " aX -

s

(% +AX,Yy,2,) =~

$(%: Y02 )+i

=1 I

e L )

MS I

T
o

1(Xg,Yo,2o +AZ)=—

)]

ou(xy.z)_ 1 1 h® (X, +AX, Yy, 2y ) — & (X — AX,Y,,2)
OX 0D AX (%9, Y0:2) 2AX

ZO{ | {lel Xo,yo,zo)H
S(xo,yo,zo)+Z{Ax {Six?(xo,yoyzo)H

= I

ou(x,y,z) _ . 1{ 1 h® (%Yo +AY, 2y )~ 0 (%, Yo —AY, Z))
)

= [ A7 [&'s
S(Xo1 Y02 +§1 | {azi(xo,yoyzo)H

oy w0 AY[ (%Yo 2 2Ay
ZO{ {811 X1 Yo:2 )H
S(xo,yo,zo)+iﬁ)!/ {g;si(xo,yo,zo)H

i=1

ou(xy.z)_ 1 1 h$ (X1 Yo12o +AZ) = h$? (X, Yo 12, — AZ)
oz 2o AZ (%Yo 120) 2Az
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Conclusions

Our numerical examples and analytical derivations does encourage to validate results
obtained by univariate force of mortality with that of bivariate and multivariate forces of mortality
functions. Majority of the mortality data analysed consider age as a predominant variable (Tuljapurkar
et al., 2000; Bebbington et al. 2007; Finkelstein, 2005; Gavrilov et al., 1991) in forecasting and
analysis. Some insect populations as well age is considered as a predominant variable in mortality
analysis (Wilmoth, 1998; Carey et al., 1992). Mortality data analysed does indicate that considering
only one variable in concluding the causes of decline could lead to incomplete hypothesis, thus
warrants further analysis.
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